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Abstract. In this paper we introduce generalizations of diagonal crossed 
products, two-sided crossed products and two-sided smash products, for a 
quasi-Hopf algebra H. The results we obtain may then be applied to if* -Hopf 
bimodules and generalized Yetter-Drinfcld modules. The generality of our sit- 
uation entails that the "generating matrix" formalism cannot be used, forcing 
us to use a different approach. This pays off because as an application we 
obtain an easy conceptual proof of an important but very technical result of 
Hausser and Nill concerning iterated two-sided crossed products. 



1. Introduction 

Quasi- bialgebras and quasi-Hopf algebras were introduced by Drinfeld in [S], in 
connection with the Knizhnik-Zamolodchikov equations, but also as very natural 
(especially from the tensor-categorical point of view) generalizations of bialgebras 
and Hopf algebras. Let A; be a field, if an associative algebra and A : if — > if ® if 
and e : if — > k two algebra morphisms. Roughly speaking, if is a quasi-bialgebra 
if the category h-M of left ff-modules, equipped with the tensor product of vector 
spaces endowed with the diagonal ff-module structure given via A, and with unit 
object k viewed as a left ii-module via e, is a monoidal category (if we impose 
the associativity constraints to be the trivial ones, we obtain the usual concept of 
bialgebra). The comultiplication A is not coassociative but is quasi-coassociative 
in the sense that A is coassociative up to conjugation by an invertible element 
$ 6 H(g)H(g)H. Note that the definition of a quasi-bialgebra or quasi-Hopf algebra 
is not self-dual. 

Actions and coactions on algebras are an important part of the theory of Hopf 
algebras, and they have been extended to quasi-Hopf algebras: module algebras 
have been studied in 0, while (bi) comodule algebras were introduced in [7j. 

Over a finite dimensional Hopf algebra if, speaking about module algebras or 
comodule algebras is the same thing, since a left (right) if -module algebra is the 
same as a right (left) ff*-comodule algebra. This does no longer hold over quasi- 
Hopf algebras, where a comodule algebra is an associative algebra but a module 
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algebra is associative only in a tensor category, so in general being nonassociativc 
as an algebra (for instance, the nonassociative algebra of octonions is such a module 
algebra over a certain quasi-Hopf algebra, cf. £Q). This fact leads to the following 
situation: a concept, construction, result etc. from the theory of Hopf algebras 
might admit more different generalizations when passing to quasi-Hopf algebras. 

Such a situation occurs in this paper. To explain it, we recall some facts from 
[Jj . If H is a finite dimensional quasi-Hopf algebra and A is an _ff-bicomodule alge- 
bra, Hausser and Nill introduced the so-called diagonal crossed products H* cxi A, 
H* X A, A ix H* and A X H*, which are all (isomorphic) associative algebras 
and have the property that for A = H they are realizations of the quantum double 
of iJ, which has been introduced before by Majid in in the form of an implicit 
Tannaka-Krein reconstruction procedure. Also, if 21 and 23 are a right and respec- 
tively a left iJ-comodule algebra, Hausser and Nill introduced an associative algebra 
structure on 2t®-ff*(2)Q3, denoted by 21 XI H* tx 23 and called the two-sided crossed 
product, which has the property that with respect to the natural bicomodule algebra 
structure on 21®® one has an algebra isomorphism 21 XI H* IX 23 ~ (21® 93) IX H* . 
Their motivation for introducing these constructions was the need to extend to the 
quasi-Hopf setting some models of Hopf spin chains and lattice current algebras 
from algebraic quantum field theory (see the introduction of [7] for details). For 
this purpose, one of the key results in [7] was that the two-sided crossed products 
can be iterated, providing thus a local net of associative algebras, with quantum 
double cosymmetry. 

Now, if H is a finite dimensional Hopf algebra, the construction 21 XI H * IX 23 
may be described equivalently with module algebras instead of comodule algebras, 
and it becomes a two-sided smash product A#H#B (where A and B are a left, 
respectively a right H- module algebra), with multiplication given by 

(a#h#b){a'#ti#b r ) = a(/n • a')#h 2 h[#(b ■ h' 2 )b' , 

for all a, a' E A, h, ti e H and 6, b' 6 B. 

It is this construction that we first wanted to generalize to quasi-Hopf algebras 
(where it will be different from the two-sided crossed product of Hausser and Nill). 
The need for such a construction arose as follows. It was proved in that, for 
a finite dimensional Hopf algebra H, the category of 7J*-Hopf bimod- 

ules is isomorphic to the category of left modules over a two-sided smash product 
H*#(H (gi H°p)#H*°p. We wanted a similar result for the category f tM%l for 
H a finite dimensional quasi-Hopf algebra, but observed that we could not use the 
two-sided crossed product of Hausser and Nill, we needed a generalization of the 
two-sided crossed product from Hopf algebras in the other direction (the one based 
on module algebras and not on comodule algebras). After constructing this two- 
sided smash product A#H#B, we wanted to express it as some sort of diagonal 
crossed product (A <S> B) ix H, and we were led naturally to consider a generalized 
diagonal crossed product A ix A, where A is an iJ-bimodule algebra and A is an 
-H-bicomodule algebra. 

We describe now more formally the structure of this paper (H will be a fixed 
quasi-Hopf algebra or sometimes only a quasi-bialgebra). In Section[3]we introduce 
the left and right generalized diagonal crossed products Amj A and A 005 A (which 
will turn out to be isomorphic), where A is an 7J-bimodule algebra and A is an 
associative algebra endowed with a two-sided coaction of H on it, and we prove 
their associativity. If A is an ff -bicomodule algebra, one can construct out of it 



GENERALIZED DIAGONAL CROSSED PRODUCTS 



3 



two two-sided coactions Si and S r , hence we have four generalized diagonal crossed 
products AwAjiHA, Am^ and A X A. 

In Section^we construct, starting with a bicomodule algebra A, two left H®H° V - 
comodule algebra structures on A, denoted by Ai and A2. Regarding A as a left 
H (g) i? op -module algebra, we identify A 1x1 A and A ^-4 A with the generalized 
smash products (in the sense of 0]) A&<A\ and „4^<A2. We prove that Ai and 
A2 are twist equivalent as left H <8> iJ op -comodule algebras, and we obtain that 
A cxi A ~ A X A as algebras. 

In Section [S] we consider a left ff-module algebra A and a right H-module 
algebra B. We first describe a slight generalization of the two-sided crossed prod- 
uct 21 X H* X 05, replacing H* by A, and call this algebra the generalized two- 
sided crossed product. Then we construct the two-sided generalized smash product 
^►<A >^ B, which for A = H is exactly the two-sided smash product A#H#B 
that we needed. 

In Sectional we prove the algebra isomorphisms 2txi.4[><05~„4c><](2l®05) and 
AkA >^ B ~ (A ® B) ix A, obtaining in particular that the generalized diagonal 
crossed product (A ® B) XI (2t ® 05) is isomorphic with both Ax{% ® 05) X B 
and 21 XI (A® B) x 05. 

In Section [7| we study the invariance under twisting of our constructions. 

Starting with Section [S] we move to applications. We prove first that both 
two-sided products (the generalized two-sided crossed product and the two-sided 
generalized smash product) may be written as some iterated products. Together 
with the fact that a generalized smash product A^<A becomes a right -ff-comodule 
algebra (and similarly for A >^ B) 1 this allows us to obtain a very easy, concep- 
tual and constructive proof of the theorem of Hausser and Nill concerning iterated 
two-sided crossed products. As a by-product of our approach, we obtain also that 
the iterated products arising in this theorem are actually isomorphic to a two-sided 
generalized smash product. 

In Section we prove what was our original motivation for this paper, namely 
that the category of £f*-Hopf bimodules over a finite dimensional quasi- 

Hopf algebra H is isomorphic to H*#(H^H o p)ifH*-^- Along the way we obtain some 
other results of independent interest, such as the description of left modules over a 
two-sided smash product. 

In Section ITul we prove that, if (H,A,C) is a so-called Yetter-Drinfeld datum 
(here, C is an i7-bimodule coalgebra) with C finite dimensional, then the category 
&yD(H) c of (generalized) Yetter-Drinfeld modules is isomorphic to the category 
of left modules over the generalized diagonal crossed product C* 1x1 A. 

Some remarks on techniques are in order. What is characteristic in the approach 
of Hausser and Nill to their constructions is the systematic use of the so-called "gen- 
erating matrix" formalism of the St. Petersburg school (the use of <5-implementers, 
Ap-intertwiners etc). The replacement of H* by an arbitrary 77-bimodule algebra 
in our definition of the generalized diagonal crossed products makes the use of this 
formalism impossible, so most of our proofs are different in spirit from the ones 
of Hausser and Nill, and often easier (just compare our proof of the theorem con- 
cerning iterated two-sided crossed products with the original one in 0), providing 
thus also an alternative approach to the constructions of Hausser and Nill. Another 
alternative approach has been provided by Schauenburg in (using categorical 
techniques). 
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2. Preliminaries 

In this section we recall some definitions and results and fix notation used 
throughout the paper. 

2.1. Quasi-bialgebras and quasi-Hopf algebras. We work over a field k. All 
algebras, linear spaces etc. will be over k; unadorned ® means <gfc. Following 
Drinfeld [H], a quasi-bialgebra is a fourtuple (H, A, e, $), where H is an associative 
algebra with unit, «3> is an invertible element in H (g> H (g H , and A : H — » H ® H 



and e : H — > fc are algebra homomorphisms satisfying the identities 

(2.1) (id <g A)(A(/i)) = $(A ® id)(A(/i))$-\ 

(2.2) (id <g> e)(A(h)) = A, (e ® id)(A(/i)) = ft, 

for all h E H, and $ has to be a normalized 3-cocycle, in the sense that 

(2.3) (1 ® ®)(id ® A <g id)($)(<I> ® 1) = (id <g> id ® A)($)(A ® id <g id)($), 

(2.4) (id<&£<8id)($) = l(g> 1. 

The identities 1)2. 2[l . (|2.3(l and 12.4(1 also imply that 

(2.5) (e ® id <g) id)($) = (id (g id (g e)($) = 1 g 1. 



The map A is called the coproduct or the comultiplication, e the counit and <£> the 
reassociator. As for bialgebras (see ^S]) we denote A(h) = hi g> h 2 , but since A is 
only quasi-coassociative we adopt the further convention (summation understood): 

(A<gid)(A(fr)) = ft (ljl) (g>/i(i )2 ) <E)h 2 , {id <g> A)(A(/i)) = fa <g h {2 ,i) ®^(2,2), 

for all /i G H . We will denote the tensor components of $ by capital letters, and 
those of $ -1 by small letters, namely 

$ = A 1 ® A 2 g A 3 = T 1 ® T 2 (g) T 3 = Y 1 g F 2 <g Y" 3 = • ■ • 

<E> _1 = a; 1 (g a; 2 (g x 3 = i 1 (g t 2 (g t 3 = y 1 g y 2 (g y 3 = • • • 

The quasi-bialgebra H is called a quasi-Hopf algebra if there exists an anti- 
automorphism S of the algebra H and elements a, /? E H such that, for all h E i/, 
we have: 

(2.6) S(hi)ah 2 = s(h)a and hi/3S(h 2 ) = s(h)/3, 

(2.7) A 1 /?S'(A 2 )aA 3 = 1 and S , (a; 1 )aa; 2 /3S , (a; 3 ) = 1. 

For a quasi-Hopf algebra the antipode is determined uniquely up to a transfor- 
mation a i-> [/a, /? i — ► /?t/~\ S'(ft) h-> USih)!/- 1 , where {/ E 77 is invertible. The 
axioms for a quasi-Hopf algebra imply that e(a)e(/3) = 1, so, by rescaling a and /3, 
we may assume without loss of generality that e(a) — e((3) = 1 and e o S = e. 

Together with a quasi-bialgebra or a quasi-Hopf algebra H — (H, A, e, $, S, a, (3) 
we also have H op , H cop and FL op - cop as quasi-bialgebras (respectively quasi-Hopf 
algebras), where "op" means opposite multiplication and "cop" means opposite 
comultiplication. The structures are obtained by putting <5> op — $ , $> C op = 
(<j> 1 )^ 21 5 'i'op.cop = $ 321 , S p = S'cop = (S'op.cop) = S , a D p = S* "'"(Z?), 
/3 op = S'~ 1 (a), a cop = S'^^a), /3 cop = S' 1 ^), a oPiCop = /3 and f3 op ,cop = a.. 

Next we recall that the definition of a quasi-bialgebra or quasi-Hopf algebra 
is "twist covariant" in the following sense. An invertible element F E H (g H is 
called a gauge transformation or twist if (e <g id)(F) = (id <g e)(-F 1 ) = 1- If H is 
a quasi-bialgebra or a quasi-Hopf algebra and F = F 1 <g F 2 E -ff <g -ff is a gauge 
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transformation with inverse F^ 1 = G 1 ® G 2 , then we can define a new quasi- 
bialgebra (respectively quasi-Hopf algebra) Hf by keeping the multiplication, unit, 
counit (and antipode in the case of a quasi-Hopf algebra) of H and replacing the 
comultiplication, reassociator and the elements a and (3 by 

(2.8) A F (h) = FAifyF' 1 , 

(2.9) $ F = (l o F)(id ® A)(F)$(A <g> id)(F~ 1 )(F^ 1 ® 1), 

(2.10) a/r = S(G 1 )aG 2 , (3 F = F 1 j3S{F 2 ). 

It is known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For 
a quasi-Hopf algebra, we have the following: there exists a gauge transformation 
/ e H ®H such that 

(2.11) f&(S{K))f- 1 = {S® S){A cop (h)), for all h G H. 

The element / can be computed explicitly. First set 

A 1 <g> A 2 ® A 3 ® vl 4 = ($ <g> 1)(A ® id®id)($ _1 ), 
B 1 ® 5 2 <g> B 3 ® B 4 = (A ® id® id)($)($ -1 <g> 1), 

and then define ^,5 £ H (g> H by 

(2.12) 7 = S*(A 2 )a/l 3 ® fi^JoA 4 and 5 = B 1 /3S{B i ) ® B 2 (3S(B 3 ). 
Then / and Z^ 1 are given by the formulae 

(2.13) / - (S®S)(A cop (x 1 )) 1 A(x 2 pS(x 3 )), 

(2.14) f' 1 = A(S(x 1 )ax 2 )5(S®S)(A cop (x 3 )). 

Moreover, / satisfies the following relations: 

(2.15) /A(a) = 7 , A(/3)r 1 = 5. 

Furthermore the corresponding twisted reassociator (see l|2.9[) ) is given by 

(2.16) = (S®S®S)(X 3 ®X 2 ®X 1 ). 

2.2. Smash products. Suppose that (H, A, e, $) is a quasi-bialgcbra. If U, V, W 
are left (right) i7-modulcs, define ajjy^w, a u,v,w ■ [U ®V) ®W ^> U ® {V ® W), 

au,v,w((u ® v) ® to) = $ • (w ® (i> ® w)), 
a(/,v,w((u ® «) <8 u>) = (u ® (v ® w)) ■ $~ . 

The category hM. (Mh) of left (right) i7-modules becomes a monoidal category 
(see |H1 for the terminology) with tensor product (g> given via A, associativity 
constraints au,v,w ( a u,v,w)i unit A; as a trivial i7-module and the usual left and 
right unit constraints. 

Now, let H be a quasi-bialgebra. We say that a fc-vector space A is a left H- 
module algebra if it is an algebra in the monoidal category h-M, that is A has a 
multiplication and a usual unit 1a satisfying the following conditions: 

(2.17) {aa')a" = (X 1 ■ a)[{X 2 ■ a')(X 3 ■ a")}, 

(2.18) h-(aa') = (h 1 -a)(h 2 -a'), 

(2.19) h-l A = s(h)l A , 
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for all a, a', a" £ A and h £ H, where h (g> a — > /i • a is the left iJ-module structure 
of A. Following 2 we define the smash product A#H as follows: as vector space 
Ajj=H is A® H (elements a®h will be written a^h) with multiplication given by 

(2.20) {a#h){a'#ti) = (x 1 ■ a)(a; 2 /ii • a')#x 3 h 2 h' 1 

for all a, a' £ A, h, h! £ H . This A#H is an associative algebra with unit Xa^Ah 
and it is defined by a universal property (as Heyneman and Sweedler did for Hopf 
algebras), see [21 - It is easy to see that H is a subalgebra of A#H via h i— > l#/i, ^4 
is a fc-subspace of A#H via a i— > a#l and the following relations hold: 

(2.21) (a#h)(l#ti) = a#hti, (l#ft)(o#fc') = fei ■ a#/i 2 /i', 

for all a £ A, h, ti £ H. 

For further use we need the notion of right ii/-module algebra. Let H be a quasi- 
bialgebra. We say that a /c-linear space B is a right i7-module algebra if B is an 
algebra in the monoidal category Mh, i-c. B has a multiplication and a usual unit 
1b satisfying the following conditions: 

(2.22) (bb')b" = {b ■ x 1 )^' ■ x 2 ){b" ■ x% 

(2.23) (bb')-h=(b-hi){b' -h 2 ), 

(2.24) 1 B • h = e(h)l B , 

for all b, b', b" £ B and h £ H, where b®h — > b-h is the right iJ-module structure of 
B. Also, we can define a (right-handed) smash product H#B as follows: as vector 
space H#B is H <g> B (elements h <g> b will be written h#b) with multiplication: 

(2.25) {h#b){ti#b') = hb! x x x #(b ■ h' 2 x 2 ){b' ■ x 3 ), 

for all b, b' £ B, h, h' £ H . This H#B is an associative algebra with unit l_y#l_B. 
In fact, one can see that B op becomes a left ff op ' cop -module algebra and under the 
trivial permutation of tensor factors we have (B p#H°p> co p)°p = H#B. 

2.3. Comodule algebras and generalized smash products. Recall from jj] 
the notion of comodule algebra over a quasi-bialgebra. 

Definition 2.1. Let H be a quasi-bialgebra. A unital associative algebra 21 is called 
a right _ff-comodule algebra if there exist an algebra morphism p : 21 — > 21 ® H and 
an invertible element <& p £%® H ® H such that: 



(2.26) * p (p®td)(p(o)) = (id® A)(p(o))$ p , VogSS, 
(la ® $)(id ® A ® id)($ p )($ p <8> l ff ) 

(2.27) = [id ®id® A)($ p )(p ® id <g id)($ p ), 

(2.28) (id ® e) o p = id, 

(2.29) (id <g s <8> id)($ p ) = (id ® id ® e)($ p ) = la ® 1«. 



Similarly, a unital associative algebra 25 is called a left 77-comodule algebra if there 
exist an algebra morphism A : S — > _ff Cg)<8 and an invertible element <&>, S ®25 
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such that the following relations hold: 



(2.30) (id® A) (A(b))$ A = $ A (A<g> id) (A(b)), V b e 33, 
(1 H (g) $ A )(id ® A <g> id)($ A )($ ® 1 B ) 

(2.31) = (id ® id <g> A)($ A )(A <g> id ® id)($ A ), 

(2.32) (e®id)oA = id, 

(2.33) (id®e®id)($ A ) = (e ® id ® id)($ A ) = Iff ® 1». 



When 77 is a quasi-bialgebra, particular examples of left and right iJ-comodule 
algebras are given by 21 = 03 = H and p — A = A, <& p = <E> A = 
For a right iJ-comodule algebra (21, p, $ p ) we will denote 

p(o) = a< ) ®ci(i), (p ® id) (p(o)) = a(o,o) O O(o,i> «>a(i) etc. 

for any a € 21. Similarly, for a left if-comodule algebra (03, A, $ A ), if b £ 03 then 
we will denote 

A(b) = b[_i] ® b[ ], (id®A)(A(b)) = b[_i]®b[o,_i]®b[ ,o] etc. 
In analogy with the notation for the reassociator <!> of H, we will write 
$ p = X l p ® X 2 ® X 3 p = Y p l ® Y 2 ® Y p 3 = ■ ■ ■ 

1 = x\ ® 5? P ® xp = yp ® f P ® y P = • • • 

and similarly for the element $ A of a left if-comodule algebra 03. When there is no 
danger of confusion we will omit the subscripts p or A for the tensor components 
of the elements & p , <& A or for the tensor components of the elements <J>~ 1 , $ A 1 . 

If 21 is a right _ff-comodule algebra then we define the elements p p ,q p £ 21 ® H 
as follows: 

(2.34) p p =f p ®f p = x p ®x 2 p (3S{x% q p = ql®? p =X 1 p ®S- 1 (aX p )X 2 p , 
By p] Lemma 9.1], we have the following relations, for all a £ 21: 

(2.35) p(a<o>)p P [la ® 5(a<i>)] = p p [a ® 1 H ], 

(2.36) [l a ® S , - 1 (a<i > )]g p p(a <0 >) = [a ® Iff]?,, 

(2.37) p(«J)p p [1h ® = i a ® i Hj 

(2.38) [l a ® S^ip^jqppipl) = l a ® 1 H> 
< &p(p®id H )(pp)(Pp ® idff) 

(2.39) = (zd a ® A)(p(i *)p„)(l a ® ff 1 ^) ® 5 2 ^(ip)), 
(<Zp ® lff)(p® id^)^)-^ 1 

(2.40) = [la ® S-^/ 2 ^) ® S , - 1 (/ 1 Xp)](id« a A)(q p p(xl)), 

where / = f 1 ® f 2 is the element defined in l|2.13|l and J -1 = g 1 ® g 2 . 

Let H be a quasi-bialgebra, A a left .ff-module algebra and 03 a left _ff-comodule 
algebra. Denote by A*<03 the /c-vector space A ® 03 with multiplication: 

(2.41) (aXb)(a'xb') = (x\ ■ a){xlb { _ x] ■ a')x& x b m b\ 

for all a, a' £ A and b, b' £ 03. By 0j, A^<03 is an associative algebra with unit 
IaXI<s- If we take 03 = H then AxH is just the smash product A^H . For this 
reason the algebra A^<03 is called the generalized smash product of A and 03. 
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Similarly, if B is a right ff-module algebra and 21 is a right ff-comodule alge- 
bra, then we denote by 21 X B the fc-vector space 21 ® B with the newly defined 
multiplication 

(2.42) (a X 6) (a' X b') = aa' (0) ^ X (b ■ a' {1) x 2 p )(b' ■ x% 

for all a, a' G 21 and b,b' G B. It is easy to see that 21 X B is an associative algebra 
with unit la X 1b- Of course, if 21 = H then if X f? = ff#f? as algebras. 

2.4. Bimodule algebras and bicomodule algebras. The following definition 
was introduced in under the name " quasi-commuting pair of if -coactions" . 

Definition 2.2. Let if be a quasi-bialgebra. By an if-bicomodulc algebra A we 
mean a quintuple (A, p, <1>a, &p, &\,p), where A and p are left and right ff-coactions 
on A, respectively, and where $ A € H®H® A, $ p G A®ff®ff and <&a, p G ff ® A®ff 
are invertible elements, such that: 

- (A, A, $a) is a left ff-comodule algebra; 

- (A, p, $ p ) is a right ff-comodule algebra; 

- the following compatibility relations hold: 

(2.43) $A,p(A ® id)(p(u)) = (id ® p)(X(u))$\ tP , V u e A, 
(1// ® *A,p)(W ® A ® id)(* A>p )($ > ® 

(2.44) = (id®id®p)($A)(A®id®id)($A,p), 
(Iff ® $ P )(«d Op® id)($A,p)($A,p 8) In) 

(2.45) = (id® id® A)($a, p )(A® id®id)(<I>p). 

As pointed out in 0, if A is a bicomodule algebra then, in addition, we have that 

(2.46) (id H ® «d A ® e)($A,p) = Iff ® U, (e ® id A ® id fl -)($ A , (9 ) = U ® Iff • 

As a first example of a bicomodule algebra is A = if, X = p = A and $a = $ p = 
$A.p = For the left and right comodule algebra structures of A we will use 
notation as above. For simplicity we denote 

$a, p = e 1 ® e 2 ® e 3 = 1 ® © 2 ® © 3 = e 1 ® e 2 ® e 3 , 
1 = e 1 ® e 2 ® e 3 = e 1 ® # 2 ® # 3 = ® # 2 ® # 3 . 

A,p 

As we mentioned before, if if is a quasi-bialgebra then so is H op , where "op" 
means the opposite multiplication. The reassociator of if op is & p = Hence 
if ® if op is a quasi-bialgebra with reassociator 

(2.47) $ff®ff°p = (A 1 ® x 1 ) ® (A 2 ® x 2 ) ® (A 3 ® x 3 ). 

If we identify left if ® if op -modules with ff-bimodules, then the category of ff- 
bimodules, h-M-h, is monoidal, the associativity constraints being given by a! v v w : 

(U ® V) ® W -> C7 ® ® W), 

(2.48) aV,v,w(( w ® v) ® tu) = $ ■ (it ® (v ® w)) ■ 

for any U,V,W G h-Mh and « G [/, w G V and u? G W. Therefore, we can 
define algebras in the category of ff-bimodules. Such an algebra will be called an 
if-bimodule algebra. More exactly, a k- vector space A is an ff -bimodule algebra if 
A is an ff -bimodule (denote the actions by h ■ ip and <p ■ h, for h G H and (p £ A) 
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which has a multiplication and a usual unit 1 A such that for all ip,ip',(p" £ A and 
h € H the following relations hold: 

(2.49) {WW = (X 1 ■ <fi ■ x 1 )^ 2 ■ ip' ■ x 2 ){X 3 ■ ip" • x 3 )], 

(2.50) h- {(pip 1 ) = (hi ■ (p)(h2 ■ (f'), ((f(p r ) ■ h = (<p ■ h\)(<p' ■ h 2 ), 

(2.51) h-l A = e(h)l A , l A -h = e{h)\ A . 

Let H be a quasi-bialgebra. Then H* , the linear dual of H , is an iJ-bimodule 
via the ff-actions 

(2.52) (h^<p,ti) = <p(h'h), (<p^h,ti) = <p(hti), 

for all cp G H* and h,h' e H. The convolution (<pip,h) = tp(hi)ij)Qi2), <p,ip e H*, 
h G H, is a multiplication on if*; it is not in general associative, but with this 
multiplication if* becomes an if -bimodule algebra. 

3. Generalized diagonal crossed products 

In order to define the generalized diagonal crossed products we need the notion 
of two-sided coaction. 

Let if be a quasi-bialgebra and A a unital associative algebra. Recall from jjj 
that a two-sided coaction of if on A is a pair (8, vf) where 8 :A-^if<8>A<8>ffis 
an algebra map and \& 6 H® 2 eg) A <g> if® 2 is an invertible element such that the 
following relations hold: 

(3.1) (id H ® 8 <g) idjj)(<J(tt))* = <&(A ® id A ® A)(<5(u)), V u e A, 
(Ih ® * ® lu)(idH ® A ® id A ® A ® <g> id A <g) 

(3.2) = (idff <S> id H (g> 5 (g> id H ® )(^)(A ® ® ?d A (g ® A)(*), 

(3.3) (e ® id a® e) o <5 = zg^, 
(idj? <8> e <8> zd^ e idn)^) 

(3.4) = (e (8 <g> zd A <g> <g> = Iff <g> 1 A <g> Iff. 

If if is a quasi-bialgebra then to any fi-bicomodule algebra (A, A, p, <&a, $ p , &\,p) 
one can associate (see 0) two two-sided fi-coactions, denoted by (Si,^fi) and 
(<$ r , \I/ r ). More precisely 

(o k\ j 8 t = (\®id H )o Pl 

1 ' 1 := (ufe ® A ® i<) ((3 A ,„ ® l ff )(A ® irf| 2 )($- 1 )) [4>a ® l| a ], 
and 

{(5 r = (idjj ® p) o A, 
* r = ( t df ® p ® ? d ff ) ((l ff ® *^)(id| 2 ® p)($a)) [if ® 

Let if be a quasi-Hopf algebra, A an if -bimodule algebra and (8, *f?) a two-sided 
coaction of if on a unital associative algebra A. Denote 8(u) := ® U(o) ® 

for all w <E A, * = ® • ■ • ® * 5 , vp -1 = f 1 ® • • ■ <8) W 5 , and then define 

(3.7) Q s = g> ■ ■ ■ ® fif = l^ 1 ® ¥ 2 ® ¥ 3 ® S'-H/ 1 * 4 ) ® S-^/ 2 * 5 ), 

(3.8) = o'/ <8> • • • ® nf = ff-^^V) ® s ,-1 (*V) ® * 3 ® * 4 ® 
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Here / = f 1 ® f 2 is the twist defined in (|2.13(l and f" 1 — g 1 ® g 2 is its inverse. 

We denote by A XI4 A and A 1x15 A the k- vector spaces A® A and respectively 
A ® A, furnished with the multiplications given respectively by: 

(ip tx$ u)(ip' ix$s u) 

(3.9) = (flj • <p- ■ • s-> (1) )n 4 ) M 5 fl^tt', 
(w txi s ip)(u' tx s tp') 

(3.10) = uu{ 0) nf (fifs- 1 ^'^) ■ v ■ u' {1) nf){n'i ■ v ' ■ nf), 

for all u, u' G A and y, G .A, where we write <p 1x5 u and u SO5 in place of 
(p ® u and respectively u (8) </? to distinguish the new algebraic structures, and where 
n$ = fij ® • • • ® 0| and = Cl'g 1 ® • • • ® f^ 5 are the elements defined by Ij3.7jl and 
(|3.8p . respectively. We call ^4 1x5 A and A 1x1,5 A the left, and respectively right, 
generalized diagonal crossed product between A and A. 

The following (technical) lemma, expressing some relations fulfilled by the ele- 
ments rig and will be essential in the sequel. It will help us to prove that the 
generalized diagonal crossed products defined above are associative algebras, and 
moreover it will allow us to regard an ff-bicomodule algebra A, in two ways, as a 
left H ® i? op -comodule algebra. We would like to stress that for these two aims, the 
explicit formulae for fls and £l' s are not so important, any other elements satisfying 
the relations in the lemma (plus some other minor conditions) are equally good, so 
it would be a natural question to ask whether there exist other such elements. 

Lemma 3.1. Let H be a quasi-Hopf algbera. A a unital associative algebra and 
(6,^) a two-sided coaction of H on A. 

(a) Let Clg = Clg ® • • • ® 0§ = £l s ® • • • ® be the element defined by \3. 7| ). 
Then for all u G A the following relations hold: 

nju ( _ x) ® n 2 5 U( _i) ® ftfu(o,o) <8 S , - 1 (u ( o,i))0| ® S-^u^JfiJj 

(3.11) = uf-i^nj ® «(-i) 3 ni ® "(0)^ ® ^s , - 1 (w(i))2 ® ofs- 1 ^))!, 
^(S^inJ ® x 2 (^) 2 o 2 ® jsc 3 ^(o|) ( _ 1) ® ?^of 0) ® ^-H^Dci))^^ 3 

mt{n 5 s ) 2 x 2 ® nfcn^ix 1 = <g> (H^jifiJ ® (^) 2 ^' 

(3.12) ®n^®^(^) 2 ®0^(^)i®Oj. 

(b) Let ^ = fl'g 1 ® • ■ • ® Sl^ 5 = H^ 1 ® • • ■ ® &e i/ie element defined by fO)) . 
TTien /or all u £ A the following relations hold: 

ni 1 5- 1 (U(_ 1) ) ® ^ 2 S'- 1 (U ( 1 _1)) ® M(0,0)^ 3 ® ^(o,!)^ 4 ® U (1) ^ 5 

(3.13) = 5- 1 ( U( _ 1) ) 2 ^ 1 ® s , - 1 (w(-i))i^ 2 ® n£ 3 u (0 ) ® ni 4 « (1)l ® ^ 5 w (1)2 , 

(3.14) ®(^ 3 ) ( oX ® (nf^nf ® n' s 4 (n' s \ ® ^ 5 (^ 5 ) 2 . 

Proof. We will prove only (a), (b) being similar. The relation 13. lip follows easily 
by applying (|3.7p . I|3.ip and (|2.1ip . the details are left to the reader. We prove 
now Ij3.12p . We will not perform all the computations, but we will point out the 
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relations that are used at every step. So, we compute: 

x^q^q 1 ® x 2 (n)) 2 n 2 s ® x 3 n 2 (^ 3 ) M) ® n 3 ^ 

E3 ^ g, ^ ^2-2 ^ ^3-3 ^ ^-1(5^3^1^1^^ 

EEI5EZD3 ^ g, ^ 1 g, ^ 2 g, ^ 3 g, 5 -i (/i^ 4 )5- 1 ( j f 1 * 4 ) 2 

® (n 2 )^ ® (n 2 ) 2 ^ .gn^ ® n 4 (n 4 ) 2 ® ng(n£)i ® n£, 

as claimed. We denoted by \& (g) • • • (g) \P another copy of 'J'" 1 and by F 1 (g> F 
another copy of the Drinfeld twist / defined in (|2.13ll . □ 

Suppose now that A is an if-bicomodule algebra and let (6,^f) = (<5;/ r , $^ r ) 
be the two-sided coactions defined by (|3.5() and (|3.6() . respectively. For simplicity 
we denote ft — Slg l , ui — Hs r , fi' = f2^ and u>' = . Concretely, the elements 
0, w e _ff ® 2 ® A <g> H® 2 come out as 

n = (xj) [ _ 1]l 4e 1 ®(^) [ _ 1]2 5^f_ 1] 

(3.15) ®(^) [o] i 3 2 o] ® s-^fxle 3 ) ® s-^/ 2 ! 3 ,), 
w = 4®x 2 > e 1 ® (^) <0) ^e 2 0) 

(3.16) ®S- 1 (/ 1 (2a)<i> 1 ^Q( 1 >) ® ^ 1 (/ 2 (^a)(i> 2 ^0 3 ) i 

where $ p = X* (g X 2 (g X p , $^ = 5 ^ ® i| <g> x 3 x , $ A , P = 9 1 ® 9 2 ® 9 3 , = 
6* 1 (g 6> 2 <g> 9 3 and / = f 1 (g> / 2 is the twist defined in (|2~T3jl . 

For further use we record the fact that the formulae in Lcmma l3.ll (a) specialize 
to (Si/ r , &i/ r ) as follows (for all u € A): 



(3.17) = u^^O 1 ® "<o)[„ 1]2 ^ 2 ® w<o) [0] ^ 3 ® fi 4 S -1 («<i))a ® n 5 ^- 1 ^!))!, 

x 1 ^ 1 <g x 2 n 2 ^ 2 o x 3 n 2 fi| 0) ® n 3 rj 3 0)[o] ® s-^n^fiV 

(3.18) (gft 4 2 x 2 (g> f^O^a; 1 = T? (g) fi^ 1 (g 2 2 <g> ff O 3 g) ft 4 ^ (g fi 5 0i g) ff , 
and respectively 

® ^ 2 w[o] (0>[ i] ® w 3 U[ 0](0)[o](o) ® ^- 1 (u [0]<0)[o]<i) V 4 ® S^C"^,)" 8 

(3.19) = ^[-i]^ 1 (gu[_i] 2 w 2 <g> U[o] <0) w 3 ®o; 4 S'- 1 (it[o] (1) )2 ® w 5 S , - 1 (tt[ ] (1) )i, 
ZUjcj 1 (EiujIlu 2 (g tU 2 ^ 3 ^!] (g w 3 w 3 0]<o) g) ^uJ 4 ® w 4 Zj 2 (g u) 5 ul 

(3.20) = a; 1 ^ 1 <g> x^ju; 1 g) a: 3 IU 2 w 2 g) w 3 w 3 g) w^X 3 (g w^X 2 g) uJ 5 X 1 , 
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where we denoted by Q = Q 1 ® • • ■ ® fl 5 = fl (£>■■■(£> fl the element defined in 
(|3.15|l and by lu — lu 1 <E> ■ ■ ■ ® lu 5 = lu 1 <g> ■ ■ ■ (g> ZZJ 5 the element defined in (|3.16(l . 
If (A, A, p, &\,& p , $a,p) is an iJ-bicomodule algebra then it is not hard to see that 

A op,cop ._ (- A o Pj TA HOp _ Tha o\, Qf 1 , $3 21 , $321) ig an #°P,cop_ bicomodu l e a l ge b ra 

(by rx,y : X®Y —* Y®X we denoted the switch map x®y i— > y®x). Moreover, in 
jjop,cop we jjg^yg ^at ^he Drinfeld twist (defined for an arbitrary quasi-Hopf algebra 
in (|2.13|) ') is given by f op ,cop = J21 = 9 2 ® 9 1 > where / is the Drinfeld twist of H. 
Now, if we denote by fl op ,cop and LU p,cop the elements Qs l/r corresponding to the 
i/ op ' cop -bicomodule algebra A op - cop , then one can easily check that 

Q = if-Oop.cop) and lu = i^l p,cop) > 

so we restrict to the study of the elements SI, lu and their associated constructions. 

Finally, for this particular situation we denote A 1x1,5, A = A cxi A, A txis r A = 
A X A, A Ma, .4 = A 1x1 A and A cxi^ .4 = A ^ .4, where A is an arbitrary 
£f-bimodule algebra. So the first two constructions are left generalized diagonal 
crossed products and the last two are right generalized diagonal crossed products. 
For example, the multiplications in A 1x1 A and A ^-4 A are given by 

(ip cxi u)(ip [xi u) 

(3.21) = (n 1 • lp ■ fi 5 )(n 2 U(0)H] • lp' ■ s-^u^n 4 ) ^ n 3 u {0)i0] u', 

(if u)(tp' u') 

(3.22) = (lu 1 ■ if ■ w 5 )(w\_ x] ■ if 1 ■ S- x {u m{1) )Lu A ) X u; 3 u lQUo) u', 

for all ip, ip' £ A and u, u' £ A, where we write tp 1x1 u and ip ^-4 u in place of ip (E> u 
to distinguish the new algebraic structures. 

We are now ready to show that the generalized diagonal crossed products are 
unital associative algebras. 

Proposition 3.2. Let H be a quasi-Hopf algebra, A a unital associative algebra and 
(<5, Vt) a two-sided coaction of H on A. Consider A 1x15 A and A 1x5 A, the k-vector 
spaces A® A and respectively A (8> A, endowed with the multiplications defined in 
\3.y\) and \3.1(J\) . respectively. Then these products define on A 1x5 A and A txj^ A 
two structures of associative algebra with unit 1a 1x5 1a (respectively 1^ ix^ 1a), 
containing A = 1a 1X5 A (respectively A = A [xig 1a) as unital subalgebra. 

Consequently, if A is an H-bicomodule algebra and A is an H-bimodule algebra 
then A ix A, A ^ A, A ix A and A ^ A are associative algebras containing A as 
unital subalgebra. 

Proof. We will give the proof only for A 1x1,5 A, the one for A 1x5 A being similar 
(it will use the relations satisfied by tY s , instead of the ones satisfied by fls). For 
ip, ip' , ip" £ A and u, u' ', u" £ A we compute: 

(ip txi S u)[(ip' txi S u')(ip" tx\ s u")} 

JP {<p «)[(nj • ip' ■ nlmlu'^ ■ ip" ■ s-^u'^n*) x 5 n 3 s u[ 0) u"] 
GSpOl (nj . ^ .n 5 s )[((Tf s ) lU ^ lh n} ■ ip' ■ ^5- 1 ( M( _ 1) ) 1 (^) 1 )((^) 2U( -i) 2 

x^h, • V" ■ S- 1 (u' (1) )0^- 1 (w(i))2(^) 2 )] 1X8 $«(o)«S«(o)t*" 
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GI2E33 [((n^nj • v ■ n|(n;) 1 )((ni) 3 n?u ( _ 1) • ^ • s-> (1) )^) 2 )] 



tX\ S n 5 (^5)(0)M(0,0)"(0) u ' 




□ 



Remark 3.3. In the algebras ^4 \Xg A and A A we have (93 XI5 1a) (1.4 x<y it) = 
y> txa m and (it 1x1,5 1.a)(1a ^5 <f) — U u : for all tp G *4 and u G A. 

Examples 3.4. I) As we mentioned before, if if is a quasi-Hopf algebra then H* is 
an iZ-bimodule algebra, hence it makes sense to consider the algebras H* 1x1,5 A and 
A cx<5 if* , which are exactly the left and right diagonal crossed products constructed 
in . For this reason we called the algebras in Proposition 13.21 the generalized 
diagonal crossed products. 

2) Let A be a left if-module algebra. Then A becomes an if-bimodule algebra, 
where the right ii-action is given via e. In this particular case A IX H and A X H 
coincide both to the smash product algebra A#H . Moreover, if we replace the 
quasi-Hopf algebra H by an arbitrary if-bicomodule algebra A, then A tx A and 
A X A coincide with the generalized smash product algebra ^4^<A. Therefore, 
the generalized diagonal crossed products may be viewed as a generalization of the 
(generalized) smash product. 

3) As we have already mentioned, H itself is an 77-bicomodule algebra. So, in this 
case, the multiplications of the generalized diagonal crossed products A IX H and 
A H specialize to 

(3.23) (tp ix h)(p' ex ti) = {9} ■ tp ■ ft 5 )(ft 2 /i (M) ■ tp' ■ S- l (h 2 )^) ex n s h ih2) ti, 

(3.24) (tp h)(tp' h!) = (uj 1 -tp- u 5 )(w 2 hi ■ p' • 5 _1 (/i(2,2))w 4 ) X oj 3 h (2A) ti, 

for all tp, tp' G A and h, hi G if, where £1 = fi 1 ® • ■ • ® SI 5 , w = ® ... ® w 5 G 
are now given by: 



(3.25) n - X\ x ^x x y x ® Xf^yf ® X\x z y\ ® S'^fX^ 3 ) ® S^/ 2 * 3 ), 

(3.26) w = x 1 ® x^ 1 ® xfX 1 ^ 2 ® S , - 1 (/ 1 a; 3 2!l) X 2 y 2 2 ) ® S"^/ 2 ^ 2) X 3 F 3 ), 



and where / = Z 1 ® / 2 is the twist defined in l|2.13|l . 

4) Let if be an ordinary Hopf algebra with bijective antipode, A an ff-bimodule 
algebra and A an ii-bicomodule algebra in the usual (Hopf) sense. In this case the 
multiplications of A tx A and A ^ A coincide, and are given by 



for all tp, tp' G A and u, u G A, where 

u { _i } <E)u {0} <g)u {1} := «<())[_!, ® u (o} [0] ®u<i> = ® «[0] (0> ® u [o]<i>- 



(3.27) 



(99 CXI u)(<// IX u') = (^(U{_!} ■ p' ■ S 



(«{!})) MWj }«', 
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This construction appears in |17j , in a slightly different form (namely, with S instead 
of S^ 1 ), under the name "generalized twisted smash product" (a particular case, 
when A = if, was introduced in [lSp. 

Let if be a quasi-Hopf algebra. For an ff-bicomodule algebra A and an ff- 
bimodule algebra A the multiplications of the right generalized diagonal crossed 
products A ixi A and A ^4 A are the following. If £1' — fi' 1 ® • ■ • ® fl' 5 and 
io' = bj' 1 ® • • • ® a/ 5 we then have 

(u X CXI if') 

(3.28) = W (0)[o] ft' 3 x (f!' 2 S- Vw,^,) ' V ' u'djO' 4 )^ 1 • ¥>' • «' 5 ), 
(u ^)(u' </) 

(3.29) = uu[ a]{o) uj' 3 {uj^S-^u'^) ■ ip ■ u[ a]{i) uj' i ){uj' 1 ■ tp' ■ c/ 5 ), 

for all u, u' E A and <// E ,A We know from Proposition 13.21 that A X A and 
A ^ A are associative algebras with unit 1a x 1^ and 1a 1.4 j respectively, 
containing A as unital subalgebra. In fact, under the trivial permutation of tensor 
factors we have that 

(3.30) A x A = {A op ^ A op ' cop ) op , A .4 = (.4 op x A op ' cop ) op , 

where the left generalized diagonal crossed products are made over H op,cop . Note 
that .4° p becomes an if op ' cop -bimodule algebra via the actions h- op ip- op h' = h'-(p-h, 
for all h,h' E if and (p E A. In the sequel we will restrict to the study of the left 
generalized diagonal crossed products. 

Remark 3.5. Let if be a quasi-Hopf algebra and A an ff-bicomodule algebra. In [7], 
Hausser and Nill proved that the two left (right) diagonal crossed products if* X A 
(A x if*) and if* A (A ^-4 if*) are isomorphic as algebras, and then that these 
four diagonal crossed products are isomorphic as algebras. We will prove in the next 
section that such result is also true for generalized diagonal crossed products, but 
as a consequence of the fact that the (generalized) diagonal crossed products can be 
written as some generalized smash products, and of an explicit algebra isomorphism 
between A x A and A XI A. 

Remark 3.6. There exists a very general scheme, due to Schauenburg ^1], for 
constructing associative algebras starting with a monoidal category acting on a 
category of modules, and it is likely that the generalized diagonal crossed products 
fit into this scheme. However, we have chosen to prove the associativity of A \x$ A 
by direct computation, first because Schauenburg's machinery is itself quite com- 
plicated, and second because the difficulty of our proof lies actually only in Lemma 
13.11 which is needed anyway in the next section. 

If if is a finite dimensional quasi-Hopf algebra and A is an if -bicomodule algebra, 
Hausser and Nill constructed a map Y from if* to the diagonal crossed product 
A x if*, having the property that A x if* is generated as algebra by A and r(if*). 
Such a map may also be constructed for the generalized diagonal crossed products. 
We need first the following result. 

Lemma 3.7. Let if be a quasi-Hopf algebra, A an if -bimodule algebra and A an 
if -bicomodule algebra. Then, for all ip E A, we have 

<p X 1 A = (1a cx #)((Pp)[-i] • V ■ fpS^ifp) x (pj) [0] ), 
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where p p and q p are given by 
Proof. We compute: 

(U M ^) ((#)[-!] ■ <P ■ f p S- l (f p ) M (pj) [0] ) 

^ (^)<o> [ _ 1] (^)[-i]^-g^-H^)5- 1 ((^) <1) )M(^) <0)[0] ^) [ o] 

which finishes the proof. □ 

Proposition 3.8. Let H be a quasi-Hopf algebra, A an H -bimodule algebra and A 
an H -bicomodule algebra. Define the map T : A — > A txi A, 

(3-31) 1%) = (#)[_!] ■ ^ • s-\pl) m (p*) [0]j 

/or 9? S «4. TTien „4 CXI A is generated as algebra by A and T(A). 

Proof. By the previous lemma it follows that 

(p ixi i A = (i A x tj£)r(<p • <7p), 

for all <y5 G .4, so for p> E A and u G A we can write 

ip x u = (U X <7p) r 0/> • <Jp)(U X w), 

finishing the proof. □ 

We will see other properties of the map T in subsequent sections. 
We prove now a sort of associativity property of generalized diagonal crossed 
products with respect to tensoring by an arbitrary associative algebra. 

Proposition 3.9. Let H be a quasi-Hopf algebra, A an H -bimodule algebra, A an 
H -bicomodule algebra andC an associative algebra. On A®C we have a (canonical) 
H -bicomodule algebra structure, yielding algebra isomorphisms 

(3.32) Aix (A® C) = (Atxi A) ® C, 

(3.33) A ^ (A <g> C) = (A A) ® C, 
defined by the trivial identifications. 

Proof. The ii-bicomodule algebra structure on A® C is given in such a way that 
everything that happens on C is trivial, for instance the right -ff-comodule algebra 
structure is: 

p mc ■ A <g> C -> (A <g> C) ® H, 

Pa®c(u <8 c) = (it( ) ® c) it(i), V u e A, c e C, 

($p)a®c e (A<8>C) ® H ® H, 

($p W = (^ ® lc) ® ^ p 2 ® X|, 
and one can easily check that indeed A C becomes an _ff-bicomodule algebra. 
Also, it is easy to see that the elements ft and u> for A <g> C are given by 

^a®c = ft 1 <g> ft 2 ® (ft 3 (g) la) (8) ft 4 ® ft 5 , 

W A®C = ® (g) (w 3 ® l c ) (g) a/ 4 (g) W 5 , 

where ft = ft 1 ® • ■ • ® ft 5 and = ® • ■ • eg) w 5 are the ones for A. Using this one 
obtains that the multiplications in A M (A <g> C) and respectively „4 ^-4 (A (g) C) 
coincide with those in (A M A) <g> C respectively (.4 ^ A) ® C via the trivial 
identifications. □ 
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4. Generalized diagonal crossed products as generalized smash 



Let H be a quasi-Hopf algebra and A an ii-bicomodule algebra. We define two 
left H ® -ff op -coactions on A, as follows: 



for all u G A (of course, in the Hopf case these two coactions coincide). 

If we look at the element f2 G H m ® A ® H® 2 given by l|3.15f) and consider 
the element (fl 1 ® fi 5 ) ® (Jl 2 ® fi 4 ) (g> f2 3 , then one can check that this element is 
invertible in (H ® _ff op ) (g> (if ® ff op ) ® A, its inverse being given by 



(e^^i-ih ® 5- 1 (^ 5 2 )) ® (ef_ 1] ^(^) [ _ 1]2 ® s-^e 8 ^ 1 )) ® efojlKz^o] , 



where / 1 = g 1 ® g 2 is the element given by (|2.14|) . We will denote by $>\ 1 G 
(H ® ff op ) ® (if ® 7?°^) ® A this inverse. 

Similarly, if we look at the element lu given by l|3.16[l and consider the element 
(ui 1 ® w 5 ) ® (w 2 ® w 4 ) ® w 3 , then one can check that this element is invertible in 
(H ® ff 0:p ) (8) (if ® if *) ® A, with inverse defined by 



(Y^ ® S'- 1 (5 3 ^(y A 3 ) {1)aS 2 )) ® (^f A 2 ® S-^jftfYft^g 1 )) ® e 2 0) yJ(F A 3 ) (0> . 



We will denote by $a 2 G (if <8> ff op ) ® (if ® ff op ) ® A this inverse. 

The next proposition generalizes the corresponding result obtained for Hopf 
algebras in 0. 

Proposition 4.1. M^ii/i notation as above, (A, Ai, $ A i) arl ^ respectively (A, A2, $a 2 ) 
are /e/t if ® H op -comodule algebras, denoted by Ai respectively A 2 . 

Proof. It is easy to see that Ai and A2 are algebra maps, and also that the conditions 
(|2.32[1 and H2.33[) in the definition of a left comodule algebra are satisfied. Then 
the conditions l|2.3L)f) and (|2.31|) for (A, Ai, $ Ai ) (respectively for (A, A 2 , 3>a 2 )) to be 
a left if ® if op -comodule algebra arc equivalent to the relations (|3.17l) and (|3.18|) 
fulfilled by ft (respectively to the relations l|3.19|l and (|3.20() fulfilled by uj). □ 

We are now able to express the (generalized) diagonal crossed products over H 
as some generalized smash products over H ® H op . 

Proposition 4.2. Let H be a quasi-Hopf algebra, A an H -bimodule algebra and 
A an H -bicomodule algebra. View A as a left H ® H op -module algebra with action 
(h ® h') - if = h ■ ip ■ h' for all h,h'GH and ip G A, and consider the two left 
H ® H op '-comodule algebras A± and A 2 obtained from A as above. Then we have 
algebra isomorphisms 



PRODUCTS 



Ai,A 2 : A^ (if ® H op ) ® A, 

Ai(u) = (u<o)[_i] ® ^ _1 ( u <i>)) ® u (o) 

X 2 (u) = («[_!] ®S' _1 (U[0] <1> ))«>ti[0] < 



[o] 




^ImA= „4kAi , .A A = .4k A ; 



■2- 



defined by the trivial identifications. 
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Proof. We only prove the first isomorphism, the second being similar. The multi- 
plication in ^4^<Ai looks as follows (for all ip,(p' € A and u, u' £ A): 

(ipXu)((p'Ku') 

= ((»a)ai • ¥')((5a)a 1 U(-i) • ^O^^Dax^u' 

= ((o 1 ® r» 5 ) • ^)((r» 2 ® n 4 )^,^ ® s- x («<i>)) • ^)k^<o> [0] "' 
= (n 1 • • n 5 )^),.,, • • s , - 1 (« < i>)n 4 )^<n 3 tt { o) [0] tt' ) 

and via the trivial identification this is exactly the multiplication of A ixi A. □ 

Recall that, for a finite dimensional quasi-Hopf algebra H, the quantum double 
D(H) was first introduced by Majid in |1U| by an implicit Tannaka-Krein recon- 
struction procedure, and more explicit descriptions were obtained afterwards by 
Hausser and Nill in [7j , H] • Actually, Hausser and Nill provided four explicit real- 
izations of D(H), two built on H* <E> H and two on H <S> H*\ all are, as algebras, 
diagonal crossed products, namely the two realizations built on H * <S> H coincide 
with H* Cxi H and H* H and the two built on H ® H* coincide with H IX H* 
and H X H*. 

On the other hand, it was proved in [5] that the Drinfeld double of a finite 
dimensional Hopf algebra may be written as a generalized smash product. As a 
corollary to the previous proposition, we obtain a generalization of this result for 
quasi-Hopf algebras. 

Corollary 4.3. If H is a finite dimensional quasi-Hopf algebra, then the quantum 
double D(H) may be written as a generalized smash product. 

Proof. In the previous proposition take A = H* , A = H and use the fact that 
H* >3 H and H* X H are realizations for D(H). □ 

Let us also record the fact that the two left H (g> iJ op -comodule algebra structures 
on H arc defined as follows: 

Ai,A 2 : H -» (H ®H op )®H, 

Xi(h) = (7i ( i,i) <g> S-\h 2 )) <g> ft(i,2), 

X 2 (h) = {hi ® S" -1 (7i(2,2))) ® h {2 .i), 

for all h £ H, and 

$Xi , *a 2 e (H ® ff op ) ® (ff <8> iT op ) ® ff, 

$ Ai = (y^x^ ® S^VV)) ® (*f^ 2 «(i, 2 ) ® ST^Vj 1 )) ® if AJ, 
$ A2 = (Y 1 ® S-^^tf 3 ^)*? 2 )) ® (^F 2 ® S^fy 2 !^,? 1 )) ® x 2 ^ 3 , 

where / _1 = g 1 ® ,g 2 is the element given by l|2.14|l . 

Let again H be a quasi-Hopf algebra, A an i7-bimodule algebra and A an £Z- 
bicomodule algebra. We intend to prove that the two generalized left diagonal 
crossed products A IX A and A X A are isomorphic as algebras, using their de- 
scription as generalized smash products. First we need a result on generalized 
smash products. Namely, let H be a quasi-bialgebra, A a left if-module algebra, 
25 a left H-comodule algebra and U € H ® 25 an invertible element such that 
(e ® idfs)(U) = 1<b- If we define a map 

A' : 25 -> ff®25, A'(b) = £/A(b)E/~\ 
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then, by this is a new left H-comodule algebra structure on 03, with 
*A' = (1h ® U)(id H ® A)(tO* A (A ® id^U' 1 ), 

which will be denoted by 53' (and we will say that 03 and 53' are " twist equivalent" ) . 
We then may consider the generalized smash products Ax^B and AxL*B' . 

Proposition 4.4. The map 

f : AxT> -> Ax<8', 

f(aXb) = U ■ (aXb) = U 1 ■ axU 2 b 

is an algebra isomorphism, and moreover ffl^Xb) = lAXb, for all b G 03 (that 
is, A^<03 and Ax.'VS' are equivalent extensions of*B). 

Proof. Follows by a direct computation. □ 

In view of this proposition, it will be sufficient to prove that if A is an H- 
bicomodule algebra, then the two left H ® if op -comodule algebras Ai and A2 con- 
structed before are twist equivalent. To prove this, we need first a technical lemma 
(a part of it will be used also in a subsequent section). 

Lemma 4.5. Let H be a quasi-Hopf algebra and A an H -bicomodule algebra. Con- 
sider the elements fl and to given by \S.l,fy and ] 3. Iffy . Then the following hold: 

eln 1 ® e 2 o 2 ® Q 2 n 3 ® n 8 s _1 (e 3 )i ® flfar^e 3 ^ 

= elxi ® e^e 1 ® x^^^e 2 ® s-^fx^e 3 ) 

(4.1) ®s- 1 (/ 1 x 2 e 2 1) (i 3 ) (1) e 3 ), 
eio 1 ^ 1 ® 5- 1 (6> 3 )fi 5 s*- 1 (e 3 )i is e 2 ^ 2 6» 2 0)[ i] ® 5^ 1 (6» 2 1) )f7 4 1 s*- 1 (e 3 ) 2 

(4.2) ®e 2 ^ 3 6> 2 0)[o] = <g> w 5 ® ^e 1 ® sr-^e 3 )^ 4 ® w 3 e 2 . 

Proof. The relation (|4.1() follows by applying p.llfl , l|2.45|l and 12.44|l , we leave the 
details to the reader. We prove now 1)4. 2[l . We compute: 

e^ 1 ^ 1 ®5- 1 (6» 3 )f7 5 S- 1 (6 3 )i 

®e^ 2 2 o)[ i] ® ^- 1 (^ 2 1) )fi 4 5- 1 (e 3 ) 2 ® e 2 ^ 3 2 o)[o] 



®5- 1 (/ 1 l 2 e 2 1) (i 3 ) (1> e 3 2 1) )®l 1 e 2 o) (i 3 ) <o> e 2 2 o)[o] 
iie 1 ^ ® s- V* P 3 (4)<i>e 3 ® 3 3 ) ® ^e 1 6f_ 1| e^ 0)hi] 



1^441 
t2~lH 



p 1 

(z 1 ^ (i 3 ) <0> (1> e u ) ® x 1 (i 3 ) <0) (0) 8 2 )6" 

®s-V 1 (£ 3 )<i> 1 * 2 e 2 i ) e 3 ) ® (xD^x^e^e 2 
ESI jftMSft^ffl .<?-ir« 3 



® ® w 2 e 1 ® s _1 (e J )«; 4 ® w 3 e 2 , 

as required. □ 
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Proposition 4.6. Let H be a quasi-Hopf algebra and A an H -bicomodule algebra. 
Then the left H ® H op -comodule algebras A\ and A2 are twist equivalent. More 
exactly, for the element U S (H (g> H op ) ® A given by 

we have that 

X 2 (u) = UX 1 {u)U-\ VtteA, 

$a 2 = (1 ® U){id <g> Ai)(C0*Ai ( A ® id)^- 1 ). 

Proof. The first relation follows immediately from (|2.43|) . and the second is equiv- 
alent to the relation (|4.2|) proved in the previous lemma. □ 

As a consequence of these results and (|3.3(JH . we obtain: 

Corollary 4.7. Let H be a quasi-Hopf algebra, A an H -bimodule algebra and A 
an H -bicomodule algebra. Then the two generalized left (right) diagonal crossed 
products A XI A and A ^ A (A x A and A X A, respectively) are isomorphic as 
algebras, and moreover they are equivalent extensions of A. 

Remark 4.8. Let H be a quasi-Hopf algebra, A an F-bimodule algebra and A an 
F-bicomodule algebra with $a, p = 1# ® 1a ® Iff- Then, by (|2.43(l it follows that 

(A <g> «g?)/9 = (id <g) p)A, 

and by l|4.2[l it follows that fi = w. So, in this case we have that A x A and 
„4 ^ A are not only isomorphic, but they actually coincide, and that Ai and A2 
also coincide. An example of such an A is the tensor product 21 ® 93, where 21 is a 
right comodule algebra and 55 is a left comodule algebra, see . We will encounter 
another example in a subsequent section. 

We end this section by showing that the left generalized diagonal crossed products 
are isomorphic, as algebras, to the right generalized diagonal crossed products. 

Let if be a quasi-Hopf algebra, A a unital associative algebra and (<5, Vt) a two- 
sided coaction of H on A. We associate to (5, the elements ps,qs S H ® A <g> H 
as follows: 

(4.3) p s =p\ ®p 2 ®pI = tfS-^p) * 4 /3S'(* 5 ), 

(4.4) q s = q\ ® q 2 ® ql = S($ )a~$ 2 ® * 3 <g) S^a* 5 )* . 
By [Jj we have the following relations, for all u 6 A: 

(4.5) <g u (g) 1 H ) = <5(u (0) )p <5 [S'- 1 (u ( _ 1) ) <8> 1 A ® S{u {l) )], 

(4.6) (1 H 8« ® 1 H )^ = [^(^(-i)) ® 1 A ® ^(uwfe^OW, 
[S^ 2 )/ 1 ® S^^f 2 ®1 A « S^F 2 * 5 ) ® S^F 1 * 4 )] 

(4.7) x(A ® id A ® A)(q 5 5(^ 3 )) = [lH®q6®lH}(idH®5®id H )(qs)y, 

(4.8) StfMS-^qj) ® 1 A ® S(g£)] = l ff ® 1 A ® 1h, 

(4.9) [5(pJ) ® 1 A ® S'- 1 (rf)] 9a *(rf) = 1b- 8) 1 A ® 

where / = f 1 ® / 2 = F 1 ® F 2 is the Drinfeld twist defined in (|2.13(l . Moreover, the 
definitions of (75 and of a two-sided coaction imply 

9a* 1 <8> (<?I)(-i)* 2 ® (9 2 )(o)* 3 ® (<? 2 )(i)* 4 ® ?l* 5 

(4.10) = Si^^ql^l ® g|*2 ® * 3 <S> ^ S- 1 (^ 5 )q 2 R '^ 4 2 , 
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where qt = q\ <g> q\ := S{x 1 )ax 2 ® a; 3 and q R = q x R ® g| := X 1 ® S'-^qI 3 )! 2 . 
Finally, we need the formulae 

(4.11) ® lu)«LA(ft2) = 

(4.12) (1 H ® S , " 1 (/i 2 ))teA(/ii) = (/K»l H )g fl) 
for all h £ H, which have been established in [7]. 

Proposition 4.9. Let H be a quasi-Hopf algebra, (6, a two-sided coaction of H 
on an associative unital algebra A, and A an H -bimodule algebra. Then the map 
$ : A fxis A — > A Ma „4 defined for all (p £ A and u £ A by 

zs an algebra isomorphism. In particular, if A is an H-bicomodule algebra then we 
get that all four generalized diagonal crossed products A M A, A ex A, A ^ A and 
A X A are isomorphic as unital algebras. 

Proof. We show that $ is multiplicative. For any tp, tp' £ A and u, u' € A we have: 
§((ip cx 5 u)(ip' M 5 u')) 

• • s-^/ 2 ! 6 ))^^.!) • if/ ■ s-H/^ud))) m 4 * 3 U(0)M ') 

x* 2 u ( _ 1) • ^ • S- 1 (/ 1 * 4 U(i))(g|)2W( 1)2 u (0 , 1)2 w / (1)2 
^? 3 2 (<9 2 )(o)* 3 W(o,o)W( ) (S~H9i(Qi)(-i)* 2 «(o,-i)2 u (-i) a S 2 ) • p 

•?!(Q 2 )(i)* 4 w(o,i) 1 ^(i) 1 )(^" 1 (Q5* 1 ^(o,-i) 1 "(-i) 1 ff 1 )"(-i) • ^ 

™a g | U(0) w 3 u' (0) (5- i («}d«(-i) (a , s) ^«(-i )a s 2 ) 

^•9f?flW(i) (lil) * 1 ti / (1) J(5- 1 (giu(_i) (21) * 1 u / ( _ 1)i g 1 )u(_ 1 ) 1 ¥ • 95' 
g 2 M(0) (Q 2 ) (0) *V (0) m 5 (5-HflJu ( -i)(<«)c-i)« a tt' { _ 1) y) • 

^W^w^jJ^HQ^X^y) • ^' • Q?*v (1)a ) 
E ? 3J g 2 ^(o)(Q 2 ) ( o)Ko,o)"' 3 (r>' 2 5- 1 (g^(-i)(g 2 )(-i)«' ( o,-i ) ) • <p 

x(Q 2 w' (0) tx s S- l (Q^u'^) ■ tp' ■ Qsu' {1} ) = i% tx$ u)-d{ip' cxa it'), 

as needed. (We denoted by Q\ ® Q\ <S> Q% another copy of qs and by F 1 ® F 2 
another copy of /). 

It is easy to see that the unit and counit properties imply #(1,4 cx^ 1^) = 1^ cxa 
1.4, so it remains to show that i? is bijective. To this end, define : A 1x5 A — > 
.4 Ma A given for all w € A and y> G *4 by 

-1 (lt M 5 yj) = • (p ■ S' _1 ( u (l)P5) ^ u (o)Ps, 
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where ps = p\ <g> p$ ® p$ is the element defined in (|4.3J) . 

We claim that d and t? _1 are inverses. Indeed, fiotf^ 1 = id^^A because of ()4.6|) 
and (|4.9|l . and zJo-i? -1 = id./^A because of (14 .5f) and l|4.8[> (we leave the verification 
of the details to the reader). □ 

5. Generalized two-sided crossed product and two-sided generalized 

smash product 

Let if be a finite dimensional quasi-bialgebra and (21, p, $ p ),(03, A, $a) a right and 
a left if-comodule algebra, respectively. As in the case of a bialgebra, the right 
ff-coaction (p, 4> p ) on 21 induces a left if *-action > : if* ® 21 — > 21 defined by 

(5.1) ip>a= tp{a {1) )a {Q) , 

for all (/? G if* and a G 21, where p(a) = 0/q) ® (Jm for all a G 21. Similarly, the left 
ff-coaction (A, $a) on 03 provides a right if *-action < : 03 ® if* — > 03 defined by 

(5.2) b«<ys = yj(b [ _i ] )b [0 ], 

for all ip G if* and b G 03, where we now denote A(b) = b[_i] ® b[ ] for all b G 03. 
Following [JJ Proposition 11.4 (ii)] we define an algebra structure on the k- vector 
space 21® if* <8> 93. This algebra is denoted by 21 X if* X 03 and its multiplication 
is defined by 

(o X <p X b)(a' X cp' X b') 

(5.3) = a((p 1 >a')x 1 p x(x\^<p 2 «- v>i ^ x 3 p ) xf|(b<^)b', 

for all o, a' G 21, b, b' G 03 and y?, 99' G if*, where we write 11 >i 1/) t< b for agipgb 
when viewed as an element of 21 X if* X 03. The unit of the algebra 21 X if* X 03 
is la XeX Is- Hausser and Mil |2j called this algebra the two-sided crossed 
product. They proved that 21® 03 is an if -bicomodule algebra (here <&a. p is trivial) 
and the diagonal crossed product (21 ® 03) ixi if* is isomorphic, as an algebra, to 
the two-sided crossed product 21 X if* X 03. 

This construction admits a slight generalization, as follows. Let if be a quasi- 
bialgebra, 21 a right if-comodule algebra, 03 a left ff-comodule algebra and A an 
ff-bimodule algebra. On 21 ® A <g> 03 define a multiplication by 

(a X (p X b)(a' x (p' X b') 

(5.4) = aa' (0) x p X (5i • V • a' (1) £p)(sib[_i] • • ^) x ^b[o]b', 

for all a, o' G 21, b, b' G 03 and </?, G A, where we write a X ip X b for a ® 
y> ® b. Then one can prove by a direct computation that this multiplication yields 
an associative algebra with unit la X 1.4 X I23, denoted by 21 X A X 03 and 
called the generalized two-sided crossed product. It is obvious that for if finite 
dimensional and A = if* we recover the two-sided crossed product 21 X if* X 03 
of Hausser and Nill. 

We construct now a different kind of two-sided product, using "dual" objects, 
that is by replacing comodule algebras by module algebras and the bimodule algebra 
by a bicomodule algebra. 

Proposition 5.1. Let H be a quasi-bialgebra, A a left H-module algebra, B a right 
if -module algebra and A an if -bicomodule algebra. If we define on A ® A ® B a 
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multiplication, by 

(aXu X b)(a'xu' X b') 

(5.5) = (x\ ■ a^xlu^e 1 ■ a')xx\u m 6 2 u' (0) xl X {b ■ 9 3 u' {1) x 2 p ){b' ■ x 3 p ), 

for all a, a' S A, u, u' G A and b,b' G B (where we write a^<u >4 b for a®u®b), 
and we denote this structure on A® K® B by Ax.K >^ B , then AxK X B is 
an associative algebra with unit X 1b- 

^1 „" r- A «, „.' „." r- a n „A u v w 



Proof. For all a, a', a" G A, it, u' , u" G A and 6, b' , b" G B we compute: 
[(aXu X b){a'xu' X b')]{a"xu" X b") 
El {y\ ■ [{x\ ■ a^xlu^e 1 ■ a')]}[y 2 A(^)[-i]«[o,-i]^-i] 

XU (0) [ _ 1] ( i p)[-l]^ 1 • a "]KyA(^)[0]W[0,0]6 , fo] U <0>[o]( i p)[°]^ 2 

*<o)g >« {[(6 • « 3 «(i>^)(6' ' Sp)l ' ^<i)yp}(&" • f P ) 
™™ [(X 1 (yi) 1 ^^a]{[X 2 (yi) 2 ^ 2 A^1[ _ 1] 1 . a '][^(^i) hl]^i[o ,_^ 

x0 [-i]>) [ _ 1] (^p)[-i]^ 1 ' a '']}^<^(^)[o]W[o,o]^o]w' ( o )[0] (5p)[o]^ 2 <o)yp 



XI [6 • ^^j^.^^^^KKb' • £ 3 / 2 u'( 1)2 (f p hx 2 ](b" ■ f p x 3 )} 



(#A • a ){\{Vx)^\ u [-X] 9 ■ a '][{V\)2S: x u [ Q^ 1] 9 [ _ 1] u\ 0)[ _ i] 
x(£p)[-i]0 • a'']}Xylxlu[o t0 ]ef 0] u\ 0)m (x p ) [0] e u" Q) y p 



X [b ■ e^x^lu'Lif^iib' ■ xplu'l lh (f p ) 2 x 2 }(b" • y 3 p x 3 )} 



Kyi«[o]^(^)<o)e 2 M ' (o)[o] (iJ) [O ]0 2 < o) y p x [6-0 3 (i A ) (1) 
xeV w ^g;^ / 1>1 (^))i 3! 1 ]{[y • ^<i) 2 (yp) 2 x 2 ](6" • f p x 3 )} 

' "-• 2 " t (J/1 • "M^i-i]* 1 • [((^i ■ a'Kxlu'^t ■ a")]}xy 3 u [0] e 2 
x(5a) (o)u[o] {0> ^(o)W(o,o> 5 p^ >« [ 6 - 03 («a)<i> u [o] (1> ^(i> 

< 2 - 27 L 2 - 23 > (i/i ■ ^{^[-i]^ 1 • ■ aO^A^-!]^ • a")]}^A"[o]0 2 

x(i A u{ o] 2 u' ( ' o) ^) (o) i^ x [6-0 3 (^u{ o] 2 u' ( ' o) yJ) (1) i 2 ] 

x(fe'.eV ( ' 1)2 ; 2 )(6".y 3 )] 

^ (aKw X* 6)[(a'xi/ X* b')(a"xvl' X b")}. 

Finally, by (|2~2"g|) . $I7E% . and it follows that l A Kl A X 1b is 

the unit of iKA X B. □ 

Remarks 5.2. (i) The generalized two-sided crossed product 21 XI A X 25 cannot 
be particularized for 21 = fc or <B = k because, in general, k is not a right or left 
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iJ-comodule algebra (in fact, we can do that if and only if we work with a quasi- 
Hopf algebra which is a twisted Hopf algebra, i.e. it is of the form Hf where H 
is an ordinary Hopf algebra and F G H <S> H is a twist on H). For the algebra 
AxA >^ B, we can take A — k or B = k. In these cases we obtain the right or 
left generalized smash products A X B and AxA, respectively. For this reason 
we call the algebra AxA X B the two-sided generalized smash product. Note 
that, in the Hopf case, the multiplication of AxA X B is given by 

(aKu X b)(a'*<u' X b') = a(u[_x] • a')XU[ ju', Q , X (b ■ w' m )o' , 

for all a, a' G A, u, u' E A and o, b' G B. 

(ii) Let A = H. In this particular case we will denote the algebra AxH >^ B by 
A#H#B (the elements will be written a#/i#o, a E A, h E H, b E B) and will call 
it the two-sided smash product. Our terminology is based on the fact that when 
we take A = k or B — k the resulting algebra is the right or left smash product 
algebra. Note that the multiplication of Aff=H#B is defined by 

(a#h#b)(a'#h'#b') = (x 1 ■ a^h.y 1 ■ a'^h^h'^^b ■ y 3 h' 2 z 2 )(b> ■ z 3 ), 

for all a, a' £ A, h,h' E H and b, b' 6 B. It follows that the canonical maps i : 
A#H -> and j : H#B A#H#B, i(a#h) = a#h#l B and j(h#b) = 

1a#/i#o, are algebra morphisms. 

In the Hopf case the multiplication of the two-sided smash product is defined by 

{a#h#b){a'#ti#}/) = a{h x ■ a')#h 2 h[#(b ■ h' 2 )b'. 

6. Two-sided products vs generalized diagonal crossed products 

As mentioned before, Hausser and Nill proved that a two-sided crossed product 
over a quasi-Hopf algebra is isomorphic to a right diagonal crossed product. We 
prove now that a generalized two-sided crossed product is isomorphic to a left 
generalized diagonal crossed product. Namely, let H be a quasi-bialgebra, A an 
iJ-bimodule algebra, (21, p, $ p ) a right ff-comodule algebra and (53, A, $a) a left 
.ff-comodule algebra. Then, by [7] , 21 ® 03 becomes an i7-bicomodule algebra, with 
the following structure: p(a ® b) = (0/o) <8> fa) ® am, A(a ® fa) = b[_i] ® (a® fafoi), 
$ p = (Xj® Is) ®X^® X 3 , $a = Xl®Xl<g>(l % (g)X 3 ), <Z> XiP = 1h®(1si®1!b)®1h, 
for all o G 21 and fa G 03. 

Proposition 6.1. If H is a quasi-Hopf algebra and A, 21, 03 are as above, then 
the generalized two-sided crossed product 21 X A X 03 is isomorphic as an algebra 
to the generalized left diagonal crossed product A M (21 ® 03). 

Proof. Define the map ^:2lX!.AlXQ3— >-.Alxi(2l® 03), 

v{a X (p x fa) = if ■ S^ia^fp) M (a (0 >p P ® fa), 

for all a E 21, fa G 03 and y> G .A, where p = P 1 p®P 2 p is the element defined in Ij2.34|l . 
We prove that v is an algebra map. For a, a' G 21, fa, fa' G 03, tp, <p' E A, we compute: 

v((a xitptx fa)(a' XI <p' X fa')) 
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Pa ' <P ■ o' (1> ^)(^&[_i] • <p' ■ ■ ^- 1 (a <1) a' (oa) (ii) (1> p2) 

M ( a (o)a' ( o,o)( :J p)(o)Pp« , ^&[o]&') 
< "- 5 T- U > [^^V•a / <1) ^5- 1 ( ff 2 )5-H(^J)(l> a (F?) 2 )S- 1 (a <1)a a , (0)1)B )S- 1 (/ a )] 
V-i^- 1 (s 1 )5- 1 ((5j) <1)l (^) 1 )S- 1 (a (1>1 a' < o il> JS- 1 (/ 1 ^ 

^ ( a (o)a(o,o)( s p)<o)Pp« )£ A&[o]&') 
™^ ft • * • o^ 1) S- 1 (^)S- 1 « 04) )S- 1 (/ a a <1> ,^)] 

ex (a(o>lpa' (0i o,o>(Pp)<o)-Pp ® xlb l0] b') 

[xlb^ ■ cp' ■ 5- 1 (/ 1 X> (0il) (^) (1) a' (1) P p 2 )] 
(l>(o,o)(pJ){o)fl( }f>^f'[o]b') 1 

where Pp <g> P 2 is another copy of p p . 

On the other hand, we have seen in Remark 14 . 81 that for the bicomodule algebra 
21 ® 03 we have Q, — u> and the multiplications in A dx (21 (g> 03) and A (21 ® 03) 
coincide. One can check that lo G H® 2 ® (21 (g> 03) <g> i?® 2 for 21 <g> 03 is obtained by 

(6.1) w = ® i| ® (X* ® x\) ® S"^/ 1 ^ 2 ) ® S-^X*), 

and then we compute (using the formula for ^ ): 

i/(a X </? X b)z/(a' X ip' X b') 

[V? • S-VwP 2 ) M (a (0) p p ® bW • S-^a^P 2 ) M (a'^P, 1 ® {.')] 

X (^p 0(0,0} (Pp) <0>d(0>-Pp ® &A&[0]&')i 

hence f is multiplicative. It obviously satisfies v(l<n Xl^K lsg) = lj, cxi (la ® 
Is)) hence it is an algebra map. 

We prove now that v is bijective. Define v^ 1 : A txi (21 ® 03) — > 21 X .4 X 03, 

f _1 (</3 tx (a (g) b)) = qla {0 ) x • ^0(1) x b, 

for all a G 21, b G 03, (/? G .4, where q p = q\® q 2 p is the element defined in l|2.34[l . 
We claim that v and v^ 1 are inverses. Indeed, 

vv^i^p cx (a ® b)) 

• g 2 a<i>5- 1 (p 2 )5- 1 (a (04) )5- 1 ((<7 p ) (1) ) m ((^)( )0 <0 ,o)Pp ® b) 

E?3 ^ • g^" 1 ^- 1 ^)^)) x ((#)<o>#a ® b) 

E33 (o«>b), 
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and 



v v(a X <p X b) 

9pa(o,o)(Pp)(o) X V ■ 5' _1 (Pp)5' _1 (a(i>)9pa(o,i)(Pp)(i) X b 



a xi ip X b, 

and this finishes the proof. □ 

Remark 6.2. Let ff , .4, 21, 53 be as above and consider the map T as in Proposition 
13.81 with A taken to be 21® 05. Then, due to the particular structure of A, the map 
r : A -> A CX (21 ® 53) is given by 

r( V3 ) = ^-s- 1 (p2)^(pi®i !8 ) ) 

for all (/? E A, where p p is the one corresponding to 21. Then, using this formula 
and 13.21fl . one verifies that the isomorphism v from Proposition 16 . 1 1 reduces to 

v(a x tp X b) = aT((p)b, V a G 21, b G 53, ip G A, 

where we suppressed the embeddings of 21 and 53 into A cx (21® 53) (this generalizes 
[7], Proposition 11.4). 

Let H be a quasi-bialgebra, A a left iJ-module algebra and B a right 7J-module 
algebra. Then A® B becomes an _ff-bimodule algebra via the iJ-actions 

(6.2) h- (a<Z>b) ■ ti = h- a(g)b- ti, V a e A, h, h' e H , b e B. 

Proposition 6.3. Let H be a quasi-Hopf algebra, A a left H -module algebra, B a 
right H -module algebra and A an H -bicomodule algebra. Then the two-sided gen- 
eralized smash product A^<A >4 B is isomorphic as an algebra to the generalized 
diagonal crossed product {A ® B) CX A. 

Proof. Define \x : (A ® B) CX A — > AxA X B, 

(6.3) M ((a ® 6) cx «) = e 1 • aK$e 2 0)U(0> X 6 • s-He^e^ud), 

for all a G A, G B and u G A, where q p = q p ® q p is the element defined in 
(I2.34|) . We will prove that /i is an algebra isomorphism. First, observe that the 
multiplication of (A ® B) cx A is defined by 

((a (ED 6) ex u)((a' ® 6') ex it') 

(6.4) = [(tt 1 ■ ^(O 2 !/^),^, • a') ® (6 • 5 )(fo' • S^^ft 4 )] CX fi 3 u< > [0] u', 

for all a, a' <E A, b,b' <E B and u, w' G A. By using l|4.1jl . I|2.40(l . Ij2.44jl and several 
times lj2~3l)ll and J22SI, we obtain that 

eln 1 ® e^ 2 ® ^(e 2 o 3 ) (0) ® o 5 5- 1 (e 3 )i(g 2 )i(e 2 ri 3 ) <1)l ® rj 4 5- 1 (© 3 )2 
x(g 2 ) 2 (e 2 ^ 3 ) <1)2 = iie 1 ® i^e^e 1 ® i 3 ^(0 2 e 2 o] Qje' o) ) (o) ii 

(6.5) ®5- 1 (0 3 e 3 )g 2 (0 2 e 2 o] Q p eJ o) ) (1) i 2 ® ^(e 3 )^ 2 ^ 3 , 
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where we denote by Q p <S> Q 2 p another copy of q p . On the other hand, by 1)2. 26)1 . 
(|2~4ll) and lEHSjl it follows that 

lu <O>[-i, ® (^(Ol'W^Clloifc^'iO) ® ( < 5p0<O>)<l>^p u <O> [ o 1<1)i u '<l>i 

®S , " 1 (Q 3u <i>)Qp@<i>ip w <o> [0](i>2 "'<i>2 = ® ( u [a\Q X p){o)(Q u') {0fi) x p 

(6.6) 0(u [o] Qi) <1) (e 2 U ')<o,i>ip®^" 1 (0 3 )Qp(0 2 "')<i>ip, 

for all u,u G A. Finally using 1)2.34(1 . [)2.45)l . (|2.6|) and l|2.46|l . one checks that 

(6.7) 1 ® g p © 2 0) ® S-^© 3 )^©^ - (^) hl] ^ ® (q p ) [o] 2 ® g^s 
Now, for all a, a' G A, u, u' G A and &, 6' G B we compute: 

A«(((a ® 6) IX u)((o' 6') M u')) 

( e^ 1 .a)(e^ 2 u<0 ) [ _ 1] -a')^^(e 2 ^) (0) u (0)[0](o) u' <0) 

>^(&-r! 5 ^ 1 (0 3 )i('7l)i(0 2 ^ 3 )(i) 1 «<o) [ol(i)i «' (1)l ) 

(&' • 5- 1 (^(i))^ 4 ^ 1 (0 3 )2(g 2 ) 2 (e 2 ^) (1)2U<o)[o](i)2M ' (1)2 ) 

*><o>io ]<0 /<o) X (^•^ 1 (© 3 3 )9l© 2 i>0[o] <1> (Qp0?o))(i)^ 
"Wioip^wJt 6 ' • ^" 1 (0 3u <i))Q?0<i> i P u <o> [ o ](1)2 w (i) 2 ) 



E@ o^e 1 • a )(i 2 1 e 2 _ 1]Whl] e^ a O^9p©(o)0[o ]<o> («[o](3p)(o> 
^(^5- 1 (e 3 )Q 2 (e 2 u') (1) £ P ) 



(9 1 • a'KQj9 2 c 



(e 1 • a '*<Q p e 2 0>M ' <0) x< b' ■ s-^Qle 2 ^) 



/z((a ® 6) ex u)n((a' ® 6') ex u'), 

as claimed. The (co) unit axioms imply (J,{(1a ® Is) M 1a) = 1a*<1a >^ Is, so 
it remains to show that fi is bijective. To this end, define : A*<A >^ B — > 

(A (gi B) ix A, 



(6.8) /i -1 (aK« x 6) = (0 1 • a ® 6 • S , - 1 (6» 3 u <1) p 2 )) dx 6> 2 u (0) p 



for all a G A, m G A and 6e B, where p p = _P P ®P P is the element defined in 1)2.3411 . 
We show that /i and pT x are inverses. Indeed, 

Mi~ 1 (aXu >^ 6) 

EES aK5>,„, 0) (p;), 0) X^- 1 ^,^)^,!)^),,) 
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for all a £ A, u £ A, b £ B, and similarly 
/i _1 /i((a <g> b) tx w) 
E ¥ 31 I^ 1 © 1 • a ® & • ^- 1 (© 3 )^(e 2 u) (1) 5- 1 (^(gi) (1) (e 2 u) (0 , 1) )^)] 

^^(^)<o)(e 2 «) ( o.o)^ 

and this finishes our proof. □ 

As a consequence of the two propositions, we obtain the following result: 

Corollary 6.4. Let H be a quasi-Hopf algebra, A a left hi -module algebra, B a 
right H -module algebra, 21 a right H-comodule algebra and 05 a left H-comodule 
algebra. Then we have algebra isomorphisms 

Ax{% ® 05) X B ~ {A (8> B) cx (21 ® 05) ~ 21 X (A <g> B) X 05. 

7. Invariance under twisting 

In this section we prove that the generalized diagonal crossed products and the 
two-sided smash products are, in certain senses, invariant under twisting (such a 
result has also been proved by Hausser and Nill in [7J for their diagonal crossed 
products, with a different method, and by the authors in for smash products). 

Let H be a quasi-bialgebra, A a left iJ-module algebra, A an TJ-bimodule al- 
gebra and F £ H <g> H a gauge transformation. If we introduce on A another 
multiplication, by a o a' = (G 1 ■ a){G 2 ■ a') for all a, a' £ A, where F^ 1 = G 1 <8> G 2 , 
and denote by Ap-i this structure, then, as in one can prove that Ap-i be- 
comes a left -ffp-module algebra, with the same unit and ii-action as for A. If 
we introduce on A another multiplication, by ip o tp' = (G 1 • tp ■ F 1 )(G 2 ■ tp' ■ F 2 ) 
for all ip, tp' £ A, and denote this by pAp-i, then pAp-i is an iJp-bimodule 
algebra (for instance, if ^4. = H* , then pAp-i is just (Hp)*). Moreover, if we 
regard A as a left H ® i? op -module algebra and pAp -i as a left ffp ® B^f-module 
algebra, then pAp-i coincides with At-i, where T is the gauge transformation 
on H ® ff op given by T = (F 1 (g> G 1 ) ® (F 2 ® G 2 ), and using the identification 
Hp ® (i^) " = (H ® J ff op ) T . 

Suppose that we have also a left ii-comodule algebra 05; then, by [7], on the alge- 
bra structure of 05 one can introduce a left iij?-comodule algebra structure (denoted 
in what follows by 05 F _1 ) by putting A F ~' = A and $f _1 = $a(-F 1_1 ® 1<b)- 

Proposition 7.1. With notation as above, we have an algebra isomorphism 

Ak05 = i F -iK<B F_1 , 
obtained from the trivial identification. 

Proof. Check directly that the multiplication in A F -iX ( B F coincides, via the 
trivial identification, with the one in A^<05. □ 

Similarly, if 21 is a right -ff-comodule algebra, by [7] one can introduce on the 
algebra structure of 21 a right -f/i?-comodule algebra structure (denoted by F 2l) by 
putting F p = p and F $ p = (l a ® F)$ p . 

Also, one can check that if A is an ii-bicomodule algebra, the left and right Hp- 
comodule algebras A F and F A actually define the structure of an iJp-bicomodule 
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algebra on A, denoted by F A F , which has the same $A,p as A. 

Suppose now that H is a quasi-Hopf algebra. Transforming this //F-bicomodule 
algebra F A F , as in a previous section, into the two left Hp ® //£?-comodule 
algebras ( F A F 1 )i and ( F A F 1 ) 2 , by using the identification Hp ® H F P = (H ® 
H° p )t as before and the fact, observed in [7], that the Drinfeld twist fp on Hp 
depends on the one on H by the formula f F = (S® S)(F 2 ~ 1 1 )fF- 1 , we may obtain 
algebra isomorphisms 

fAOi = (Ai) T ~\ ( F A F ~ 1 ) 2 = (A 2 ) T ~\ 

defined by the trivial identifications. 

As a consequence, using the expressions of the generalized left diagonal crossed 
products as generalized smash products, we obtain the following result: 

Proposition 7.2. With notation as before, the algebra isomorphisms 

AtxiA= pAp-itx F A F ~\AxA= pAp-iX F A F ~\ 

are defined by the trivial identifications. 

Suppose again that H is a quasi-bialgebra, A is a left //-module algebra and 
F G H ® H is a gauge transformation. Suppose now that we also have a right 
-//-module algebra B. If we introduce on B another multiplication, by b * b' = 
(b ■ • F 2 ) for all b, b' G B, denoting this structure by pB, then pB becomes 

a right iTp-module algebra with the same unit and right //-action as for B. So, we 
have the following type of invariance under twisting for two-sided smash products: 

Proposition 7.3. With notation as before, we have an algebra isomorphism 

ip : A#H#B ~ A f -i#Hf#fB, 

tp{a#h#b) = F 1 ■ a^F 2 hG x ^b ■ G 2 , V a G A, h G H, b G B . 
In particular, by taking B — k or respectively A — k, we have algebra isomorphisms 

A#H ~ A F -i#H F , HffB ~ Hpf^pB. 
Proof. Follows by a direct computation, similar to the one in [2]. □ 

8. Iterated products 

It was proved in that, if H is a quasi-bialgebra and A is a left //-module 
algebra, then A#H becomes a right iZ-comodule algebra, with structure: 

p : A#H -► {A#H) ® H, p(a#h) = (x 1 ■ ajfx 2 h x ) ® x 3 h 2l V a£A,heH, 
$ p = (U#A" 1 ) ® X 2 ® X 3 G (A#H) ®H®H. 

Similarly, one can prove that if B is a right //-module algebra, then Hf^B becomes 
a left //-comodule algebra, with structure: 

A : H#B -> H® (H#B), \(h#b) = h x x x ® (h 2 x 2 #b ■ x 3 ), V h G H, b G B, 
Q\ = X 1 ® X 2 ® (X 3 #1 B ) (EH®H® (H#B). 

In the sequel we need some more general results, that we are stating now (the 
proof is similar to the one in [2]). 

Let H be a quasi-bialgebra, A a left //-module algebra and A an ZZ-bicomodule 



GENERALIZED DIAGONAL CROSSED PRODUCTS 



2!) 



algebra. Then AxA becomes a right if-comodule algebra, with structure defined 
for all a 6 A and u 6 A by: 

p : AkA -> (A*<A) ® iJ, p(aXu) = (8 1 ■ aK9 2 u( Q )) ® 6> 3 M(i), 
$ p = (UK^p) ® ® G (4KA) (g>H(E>H. 

Similarly, let iJ be a quasi-bialgebra, i? a right ii-module algebra and A an iJ- 
bicomodule algebra. Then A X £? becomes a left TJ-comodule algebra, with struc- 
ture defined for all u S A and b ^ B by: 

A:AxB^if«(AxB), A(it X 6) = m^ij^ 1 (ti [0 ]6> 2 b ■ 6> 3 ), 
$ A = x\ (8) X A ® (X A X l s ) e i? (8) ® (A >* B). 

We are now ready to prove that the two-sided generalized smash product can be 
written (in two ways) as an iterated generalized smash product. 

Proposition 8.1. Let H be a quasi-bialgebra, A a left H-module algebra, B a 
right H-module algebra and A an H -bicomodule algebra. Consider the right and 
left H-comodule algebras AxiA and A >4 B as above. Then we have algebra iso- 
morphisms 

AxA x B = (AxA) X B, AxA x B = Ax{A X B), 

given by the trivial identifications. In particular, we have 

A#H#B = (A#H) X B, A#H#B = Ax{H#B). 

Proof. We will prove the first isomorphism, the second is similar. We compute the 
multiplication in (4kA) X B. For a, a' 6 A, b,b' £ B and u, u' G A we have: 

((«K«) X b)({a'xu') X b') 

= (aK«)(a'K«')(o)(lAKJj) X (b ■ (a'xu') {1) x 2 p )(b' ■ i 3 ) 

= (aKu)(6» 1 • a'x9 2 u' ' {0) x],) X (b ■ 6»V {1) x 2 p ){b' ■ x 3 p ) 

= {(x{ • a)(x^ [ _i]6» 1 • oO^<2a«[o]0V<o)2£) >« (b • 3 u' {1) x 2 p )(b' ■ x 3 p ). 

Via the trivial identification, this is exactly the multiplication of A^<A X B. □ 

Recall from 0] the definition and properties of the so-called quasi-smash product, 
but in a more general form. Let H be a quasi-bialgebra, 21 a right i/-comodule 
algebra and A an i/-bimodule algebra. Define a multiplication on 2t ® A by 

(8.1) (a#<^)(aW) = aa' <0) ^#(^ ■ a' (1) i 2 )(^ ■ i 3 ), V a, a' e 21, <p, V ' e .4, 

where we write a # y> for a (8 and denote this structure by 21 # ^4. Then 21 # .4 
becomes a left _ff-module algebra with unit 1% # 1^ and with left ii-action 

h-(a#ip) = a~#h-ip, V a e 2t, h G if, <p G A. 

Note that for .4 = H* we obtain the quasi-smash product 21 # if* from 0]. Also, 
by taking B a right iJ-module algebra and A = £? as an 7J-bimodule algebra with 
trivial left H- action, 21 # A is exactly the generalized smash product 21 >4 

We need the left-handed version of the above construction too. Namely, if H 
is a quasi-bialgebra, 25 a left iJ-comodulc algebra and A an ii-bimodule algebra, 
define a multiplication on A ® 25 by 

(8.2) # b)(/ # b') = (z A • ^)(£ 2 b h i] • p') # i 3 A b [0] b', V <p' G A, b, b' g 58, 
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where we write <p # b for <p®b, and denote this structure by A # 23. Then A # 23 
becomes a right _ff-module algebra with unit 1^ # lfg and with right iJ-action 

(ip # b) ■ h = ip ■ h # b, V 99 6 A /i G if, b G 05. 

By taking A a left -ff-module algebra and A — A as an -ff-bimodule algebra with 
trivial right //-action, A # 23 is exactly the generalized smash product A*<23. 

By 0], a two-sided crossed product may be written as a generalized smash 
product. We have a similar result for generalized two-sided crossed products, which 
allows us to write them (in two ways) as generalized smash products. 

Proposition 8.2. Let H be a quasi-bialgebra, 21 a right H-comodule algebra, 23 a 
left H-comodule algebra and A an H -bimodule algebra. Consider the left and right 
H-module algebras 21 fj= A and A # 25 as above. Then we have algebra isomor- 
phisms 

2lx.4x23 = (2t# .4)k23, 21 x .4 x 23 = 21 (.4 # 23), 
obtained from the trivial identifications. 

Proof. Follows by direct computations. □ 

We now apply the above results. In 0, Hausser and Nill generalized to the 
setting of quasi-Hopf algebras some models of Hopf spin chains and lattice current 
algebras. The key result for this was the next Theorem, concerning iterated two- 
sided crossed products (with H finite dimensional and A = H*). The original proof 
of this theorem is quite difficult to read, being written in the formalism of universal 
intertwiners. Using our results, we are now able to obtain for free a conceptual 
proof of the Theorem, together with the explicit form of the structures that appear 
at (i) and (ii). 

Theorem 8.3. (Hausser and Nill). Let H be a quasi-bialgebra, A an H -bimodule 
algebra, 21 a right H-comodule algebra, B an H -bicomodule algebra and £ a left 
H-comodule algebra. Then: 

(i) 21 XI A X B admits a right H-comodule algebra structure; 

(ii) B X .4 X £ admits a left H-comodule algebra structure; 

(iii) there is an algebra isomorphism (given by the trivial identification) 

(2lx.4xB)x.4x<>: = 2lx.4x(Bx.4xe:). 

Proof. Writting 21 X A X B as (21#.4)kB, wc obtain that this is a right H- 
comodule algebra (being a generalized smash product between a left //-module 
algebra and an ff-bicomodule algebra), and we can write explicitly its structure: 

j o:2lX^lc<B = (2t# A)KM -> ((21 # A)xM) <8 H = (21 X A X B) ® H, 
p(a x ip X b) = (a x 9 1 ■ <p x 6» 2 b< )) <8> 3 b w , V a G 21, tp G A, b G B, 

$ P = (la XIaX x\) (g> X 2 p (g) X 3 p G (21 X A X B) ® H ® H. 

Similarly, writing B X A X € as B >^ (A # <£) , we obtain that this is a left H- 
comodule algebra, with structure: 

A : B X A X € = B (A # <£) -> # ® (B X (.4 # £)) = iJ ® (B X .4 X £), 
A(b x </? x c) = b^jtf 1 ® (b [0] 6< 2 x p • 9 3 x c), V b G B, (p G A, c G £, 

$ A = lj®l^ (X x x 1.4 x l e ) e H ® iJ ® (B x .4 x £). 
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To prove (iii), we will use the identifications appearing in our results: 

(21 x A x B) xi A x € = ((21 # A)xB) x A X £ 

= ((21 # A)xS) X {A # £) = (21 # yt)KB x* (A # C), 

and 

21 x A tx (B x 4 x <t) = 21 x A x (B x* (A # £)) 
= (21 # A)x(M x {A # £)) = (2t # ^)kB x< (A # £). 

So, we have proved that the two iterated generalized two-sided crossed products 
that appear in (iii) are both isomorphic as algebras (via the trivial identifications) 
to the two-sided generalized smash product (21 ff .4) ►KB X* (A # £). □ 

Using the same results, we obtain another relation between the generalized two- 
sided crossed product and the two-sided generalized smash product. More exactly, 
let H be a quasi-bialgebra, A an ii-bimodule algebra, A a left if-module alge- 
bra, B a right H- module algebra and A and B two i/-bicomodule algebras. As 
we have seen before, Axh. (respectively B XI B) becomes a right (respectively 
left) -ff-comodule algebra, so we may consider the generalized two-sided crossed 
product (AxA) X A X (B X4 B). On the other hand, by the above Theorem 
of Hausser and Nill, A X A X B becomes a right if-comodule algebra and a 
left ii-comodule algebra, but actually, using the explicit formulae for its struc- 
tures that we gave, one can prove that it is even an ii-bicomodule algebra, with 
&\,p = Iff <& (1a XUX 1b) ® Iff j so we may consider the two-sided generalized 
smash product Ax(A X A X B) X B. 

Proposition 8.4. We have an algebra isomorphism 

(AKA) XiAx(MxB) = AK(A X A X B) x B 

obtained from the trivial identification. In particular, we have 

(A#H) XH*X (H#B) = AK(H XH* X H) X B. 

Proof. This may be proved by computing explicitly the multiplication rules in the 
two algebras and noting that they coincide. Alternatively, we provide a conceptual 
proof, by a sequence of identifications using the above results. We compute: 

4k(A x A X B) x B = Ak((A xAxB) x B) 
= AK(((A|i)Kl) X B) = AK((A#i)K(B X B)) 
= AX(A X A X (B x B)) = Ax(A x (A # (B x B))) 
= (AxA) X {A # (B x« B)) = (AxA) X A X (B x B), 

where the fourth and the fifth identities hold because the left £/-comodule algebra 
structures on (A X A X B) X« B, A X A X (B X« B) and A X (A # (B X« B)) 
coincide (via the trivial identifications). □ 

9. i/*-HOPF BIMODULES 

Let H be a finite dimensional quasi-bialgebra and A a left f/-module algebra. 
Recall from |2] the category M^" > whose objects are vector spaces M, such that 
M is a right i?*-comodule (i.e. M is a left -ff-module, with action denoted by 
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h®m i— ► ht>m) and A acts on M to the right (denote by to eg) a i— > m • a this action) 
such that m • 1a = m for all to 6 M and the following relations hold: 

(9.1) (m • a) ■ a' = (X 1 > m) ■ [(X 2 ■ a){X 3 ■ a% 

(9.2) h> (to ■ a) = (hi > m) ■ (h 2 ■ a), 

for all a, a' £ A, to £ M, h £ H. Similarly, the category aM h consists of vector 
spaces M, such that M is a right i/*-comodule and A acts on M to the left (denote 
by ci (*) to i — ► a ■ to this action) such that 1a - m — m for all m £ M and the following 
relations hold: 

(9.3) a ■ (a' ■ m) = [{x 1 ■ a){x 2 ■ a')] ■ (x 3 > m), 

(9.4) /i > (a • m) = (/ii • a) ■ (ft, 2 > m), 

for all a, a' £ A, m £ M, /i £ i? . From the description of left modules over A#H in 
0, it is clear that a-M h ~a#hM.. If H is a quasi-Hopf algebra, by jHj we have an 
isomorphism of categories M 1 ^ ~ M.a#h- In what follows we need a description 
of -M^ as a category of left modules over a right smash product. 

Proposition 9.1. Let H be a quasi-Hopf algebra and A a left H-module algebra. 
Define on A a new multiplication, by putting 

(9.5) a* a' = (g 1 ■ a')(g 2 ■ a), V a, a' £ A, 

where f^ 1 = g 1 ® g 2 is given by {2.1$ , and denote this new structure by A. Then 
A becomes a right H-module algebra, with the same unit as A and right H-action 
given by a ■ h — S(h) ■ a, for all a £ A, h £ H . 

Proof. A straightforward computation, using l|2.11|l and (|2.1t)|) . □ 

Definition 9.2. Let H be a quasi-bialgebra and B a right if-module algebra. We 
say that M, a fc-linear space, is a left H, S-modulc if 

(i) M is a left ii- module with action denoted by h (g> m ^ h > m; 

(ii) B acts weakly on M from the left, i.e. there exists a fc-linear map B®M — > 
M, denoted by b <8> m <— * b ■ m, such that 1b ■ m = m for all m £ M; 

(iii) the following compatibility conditions hold: 

(9.6) b ■ (b' ■ to) = x 1 > ([(& • x 2 )(6' • a; 3 )] • m), 

(9.7) b- (h>m) = hi >[(b-h 2 ) -m], 

for all b,b'£B,hEH,m£ M. The category of all left H, i?-modules, morphisms 
being the _ff-linear maps that preserve the B-action, will be denoted by h,b-M. 

Proposition 9.3. If H, B are as above, then the categories h,b-M and h#bM. 
are isomorphic. The isomorphism is given as follows. If M £ h#bM, define 
h > m = (hfj=l) ■ m and b ■ m = (1#6) ■ to. Conversely, if M £ h.b-M, define 
(hffb) ■ m = h> (b ■ to). 

Proof. Straightforward computation. □ 

Proposition 9.4. If H is a finite dimensional quasi-Hopf algebra and A is a left H- 
module algebra, then M.^ is isomorphic to H ^M., where A is the right H-module 
algebra constructed in Proposition \9.1\ The correspondence is given as follows ( we 
fix {ei\ a basis in H with {e 1 } a dual basis in H* ): 

• If M £ hj+a-M, then M becomes an object in M-a w i^ t ne following structures 
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(we denote by h®m i— » ht>m the left H-module structure of M and by a®m t— > a-km 
the weak left A-action on M arising from Provosition W : 

n 

M -» M <8> H*, m ^^e i >m(g)e i , Vme M, 
i=i 

M® A — ► M, m®ai->m-a = g 1 i> ((^(g 2 ) • a) *to), 

where qn — q 1 ® q 2 — X 1 ® 5~ 1 (aX 3 )X 2 £ H ® H (it is the element q p given by 
\2.34\l corresponding to % = H ) . 

• Conversely, if M £ Ma , denoting the H* -comodule structure of M by M — > 
M®H*, to 1 ► W(o) <8>Wm, a^rf fie weafc rig/it A-action on M by m®a 1— > ma, t/ien 
M becomes an object in H ^jM with the following structures (again via Proposition 

\9.S\) : M is a left H-module with action ht>m — mn\{h)rn(n\ , and the weak left A- 
action on M is given by 

a —> to = (p 1 > to) (p 2 - a), V a £ A, to £ M, 

where pu — p 1 ® p 2 — x 1 ® x 2 f3S(x 3 ) £ H ® H (it is the element p p given by \2.34\l 
corresponding to% = H). 

Proof. Assume first that M £ jj^AI; then we have, by Propositions l9.3l and l9.il 

(9.8) a * (a' * to) = x 1 > ([(g 1 ^ 3 ) • a')(ff 2 5(x 2 ) • a)] * to), 

(9.9) a* (/i> m) = /ii > [(S(h 2 ) ■ a) * to], 

for all a,fl'e4,/i€ if, to <e M. We have to prove that M £ TWf * . To prove ijOJ, 
we compute (denoting by Q 1 (g> Q 2 another copy of qn): 

(to -a) -a' Q 1 > [(^(Q 2 ) ■ a') * (g 1 > [(S(q 2 ) ■ a) ★ to])] 

Q 1 ?! 1 > [(5(^)S(Q 2 ) • a') * ((S(g 2 ) • a) * to)] 
Q 1 ^ 1 > [((s 1 ^ 3 )^ 2 ) • a)(g 2 S(x 2 )S{Q 2 ql) ■ a')) * to] 
^^[((S 1 ^^)/^^) 

( 5 2 S(^ 2)1) )% 2 )/ 2 X 3 -a'))*TO] 

™ g 1 ^ 1 > [((S^X^X 2 • a)(5(g 2 X 2 1 ) 2 X 3 • a')) *m] 
= g 1 ^ 1 > [(S(q 2 Xi) ■ ((X 2 ■ a)(X 3 ■ a')))* to] 
= q 1 > [X{ > [(SiX 1 ,) ■ (S(q 2 ) ■ {{X 2 ■ a)(X 3 ■ a')))) *m]] 
g 1 > [(S(q 2 ) ■ {{X 2 ■ a)(X 3 ■ a'))) * (A 1 > to)] 
(X 1 > to) • ((X 2 • a)(X 3 • a')), g.e.d. 

To prove (|9.2|l . we compute: 

(hi > to) • Q12 ■ a) = q 1 > ((S(q 2 )h2 ■ a) * (fti > to)) 

^ 9^(1,1) > ((SQi^Stf)!* ■ a) *m) 
/ig 1 > ((5(g 2 ) -a)* to) 
= /i> (to • a), q.e.d. 
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Obviously m ■ 1a = m, for all to £ M, hence indeed M £ M-a ■ 
Conversely, assume that M £ M-a > ^ na * ^ s 

(9.10) (ma)a' = (X 1 >m)[(X 2 ■ a)(X 3 ■ a% 

(9.11) ho (ma) — (h 1 > m)(h 2 ■ a), 

for all to £ M, a, a' £ A, h £ H, and we have to prove that 

(9.12) a -> (a' -> m) = x 1 > ([(fif 1 ^ 3 ) • a^Stf) ■ a)} -» m), 

(9.13) a ->■ (/i > m) = fti > [(5(/i 2 ) ■ a) -> m], 
for all a,a' £ A, h £ H, m £ M. 

To prove (|9.12(1 . we compute (denoting by P 1 ® P 2 another copy of pn): 
a->(a'->m) = (p 1 > [{P 1 > m){P 2 ■ a')]){p 2 ■ a) 
EH [(p\P^m){p\P 2 -a')]{p 2 -a) 
™ (XVIP 1 > m)[{X 2 p\P 2 ■ a')(X 3 p 2 • a)} 
£P (a .y > m)[(a .i 2 1)P ^S(x 3 ) ■ a'){x\ 2t2) plg 2 S(x 2 ) ■ a)} 

E3H x l > [ (p i > m)^ 1 ^* 3 ) • o'Xplff 2 ^* 2 ) • «)]] 
x 1 >[((g 1 S(x 3 )-a')(g 2 S(x 2 )-a))^m], q.e.d. 
To prove l|9.13|) . we compute: 

h 1 >[(S(h a )-a)-*m] = h^^p 1 t>m){p 2 S(h 2 ) ■ a)} 

EJH {h [lil) p 1 >m){h {1 ^p 2 S{k 2 )-a) 

(p 1 / l[ >m)(p 2 -a) 
= a— >(Ji>m), q.e.d. 
Obviously 1a — > to = to, for all to € M, hence indeed M £ H= ff^M.- 

In order to prove that M 1 ^ — h#~a-M, the only things left to prove are the 
following: 

(1) If M £ H ^A4, then a — > to = a * to, for all a 6 A, m £ M; 

(2) If M € M 1 ^* , then to • a = ma, for all a e A, m £ M. 
To prove (1), we compute: 

a — » m = (p 1 > m) • (p 2 ■ a) 

q 1 >[{S(q > )p > -a)*(p l >m)] 
qVi>[(S(pl)S(q 2 )p 2 -a) -km] 
a -km, q.e.d. 



MM 

To prove (2), we compute: 

to • a = 

i9~rTl 
12371 



q 1 > {(S(q 2 ) ■ a) to] 

q 1 >[(p 1 >TO)(p 2 5(g 2 )-a)] 

( gi V>m)(^ 2 % 2 )-a) 



TOO, 

and the proof is finished. □ 
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We will need the description of left modules over a two-sided smash product. 

Definition 9.5. Let H be a quasi-bialgebra, A a left f/-module algebra and B a 
right iZ-module algebra. Define the category a,h,b-M as follows: an object in this 
category is a left H- module M, with action denoted by/i®mH ht>m, and we have 
left weak actions of A and B on M, denoted by a ® m i— > a ■ m and b ® m i— > 6 • to, 
such that: 

(i) M 6 a#hM, that is the relations Ij9.3jl and [|9.4jl hold; 

(ii) M 6 h#bM, that is the relations (|9.6jl and (|9.7jl hold; 

(iii) the following compatibility condition holds: 

(9.14) b-(a-m) = (y 1 ■ a) ■ [y 2 > ((b ■ y 3 ) ■ m)}, 

for all a G i, d 6 B, m e Af. The morphisms in this category are the .ff-linear 
maps compatible with the two weak actions. 

Proposition 9.6. If H, A, B are as above, then a#h#bM ~ a,h,b-M, the iso- 
morphism being given as follows: 

• // M G a#h#bM, define a ■ m = (a#l#l) -to, ht>m = • to, 
b-m = (l#l#6)-m. 

• Conversely, if M G a.h.sAI, define {afj^hffb) ■ m — a ■ (h> (b ■ m)). 

Proof. Straightforward computation, using the formula for the multiplication in 
AffHff^B. Let us point out how the condition l|9.14|l occurs: 

b-(a-m) = (1#1#6) ■ ((o#l#l) • m) 

= [(l#l#6)(o#l#l)]-m 

= (y 1 ■ a#V 2 #b -y 3 ) ■ m 

= ( 2 / 1 - a )-( 2 / 2 >((6-y 3 )-m)), 

which is exactly l|9.14|) . □ 

Let be a finite dimensional quasi-bialgebra and A, D two left iJ-module alge- 
bras. It is obvious that a-M h coincides with the category of left A-modules within 
the monoidal category h-M, and similarly .M^ coincides with the category of right 
D-modules within h-M-- Hence, we can introduce the following new category: 

Definition 9.7. If H, A, D are as above, define a-M^ as the category of A — D- 
bimodules within the monoidal category h-M., that is M G a-M% if and only if 
M G aM h " , M G Mp* and the following relation holds: 

(9.15) (a • to) • d = (X 1 ■ a) ■ [{X 2 > to) • (X 3 ■ d)], 

for all a G A, to G M, d G D, where a £g> to i— > a ■ to and m®d^m-d are the weak 
actions. 

Proposition 9.8. Let H be a finite dimensional quasi-Hopf algebra and A, D two 
left H-module algebras. Then we have an isomorphism of categories a-M^ ~ 
A#H#T)M, where D is the right H-module algebra as in Provosition W . 1\ 

Proof. Since a-M h ~ a#hM and M% ~ h#d-M, the only thing left to prove is 
that the compatibility l|9.14|l in A H -pM. is equivalent to the compatibility (|9.15|) 
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in a-M-d ■ Let us first note the following easy consequences of (I2.6|l : 

(9.16) X x p\ ® X 2 p\ ® X 3 p 2 = y 1 ® yfp 1 ® y 2 V S(y 3 ), 

(9.17) 9i y ® ^y 2 ® S(q 2 y 3 ) = X 1 ® g 1 * 2 ® % 2 X 2 2 )X 3 , 

where p# = p 1 ®p 2 and qn = q 1 ® q 2 are the elements given by (12.34ft for 21 = i? . 

Let now M £ A-M 1 ^ , with right D-action on M denoted by m®d i— » m-d. Then, 
by ProDOsition l9.4l the weak left D- action on M is given by d — > m = (p^m) • (p 2 -d) . 
We check (|9.14|) : we compute: 

d — » (a • ™) 





(p 1 > (a 


■ to)) ■ (p 2 ■ d) 


El 


[(Pi-o) 


■ (pi > to)] ■ [p 2 ■ d) 




{xVi ■ 


a )-[(x 2 ^t>TO).(xy -d)} 






■[(y 2 p 1 >m)-( y 2 p 2 S(y 3 )-d)} 






■[y 2 >((p 1 >m)-(p 2 S(y 3 )-dj)} 




(y'-a) 


■ [y 2 > ((S(y 3 ) ■ d) -> m)] 




(y'-a) 


■ [y 2 [> ((d • y 3 ) -> m)], g.e.d. 



E3 



Conversely, assume that M £ A#HjfD-M-, and denote the actions of A, H, D on M 
by a ■ to, h>m, d ■ m respectively. Then, by Proposition 19 . 41 the right D-action on 
M is given by m ■ d — q 1 > ((S(q 2 ) ■ d) ■ m). To check (I9.15H . we compute: 

(a ■ m) ■ d = q 1 > [(S(g 2 ) • d) • (a • to)] 

EJ 31 g 1 > [(y 1 ■ a) • (y 2 > ((S(g 2 ) • d ■ y 3 ) • to))] 

g 1 > [(y 1 ■ a) ■ (y 2 > ((S(q 2 y 3 ) ■ d) • to))] 

(<hV • a) • [g 2 V > ((S(?V ) • d) • to)] 

(X 1 • a) ■ tfX* > ((S(g 2 X 2 2 )X 3 • d) • to)] 

^•^•[rt^a^^-d-XD-m)] 

(X 1 ■ a) ■ [q 1 > ((S(g 2 )X 3 • d) • {X 2 > to))] 

(X x -a)-[(X 2 >m)-(X 3 -d)], g.e.d. 

and the proof is finished. □ 

Let H be a finite dimensional quasi-bialgebra and A, T> two if-bimodule algebras. 
Define the category ^ M.% as the category of A— £>-bimodules within the monoidal 
category h-Mh- By regarding A and V as left module algebras over H ® i/ op , it is 
easy to see that 2*.Mp* — A-M^® H ■ Hence, as a consequence of Proposition 
19.81 we finally obtain: 

Theorem 9.9. If H is a finite dimensional quasi-Hopf algebra and A, T> are 
two H -bimodule algebras, then we have an isomorphism of categories ~f — 
A#{H®H°p)ifD-M- In particular, we have ^ H '#{H(g>H^)ifm rM - 

10. YETTER-DRINFELD MODULES AS MODULES OVER A GENERALIZED DIAGONAL 

CROSSED PRODUCT 

If if is a quasi-bialgebra, then the category of (H, ff)-bimodules, h-Mh, is 
monoidal. The associativity constraints are given by (|2.48|l . A coalgebra in the 
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category of (H, i?)-bimodules will be called an i?-bimodule coalgebra. More pre- 
cisely, an ii-bimodule coalgebra C is an (H, i?)-bimodule (denote the actions by 
ft ■ c and c • ft) with a comultiplication A : C — > C ® C and a counit e : C — > k 
satisfying the following relations, for all c G C and h € H: 

(10.1) * • (A ® id)(A(c)) • = (id <g> A) (A(c)), 

(10.2) 4(/l • c) = ft X • Ci ® ft 2 • C2, A(C • ft) = Cl • ftl <g> C2 • h 2 , 

(10.3) e(ft • c) = e(ft)e(c), e(c • ft) = e(c)e(ft), 

where we used the Sweedler-type notation 4( c ) = c i ® c 2 ■ An example of an if- 
bimodule coalgebra is if itself. 

Our next definition extends the definition of Yetter-Drinfeld modules from JUj . 

Definition 10.1. Let H be a quasi-bialgebra, C an ii-bimodule coalgebra and A 
an ii-bicomodule algebra. A left-right Yetter-Drinfeld module is a fc-vector space 
M with the following additional structure: 

- M is a left A-module; we write • for the left A-action; 

- we have a fc-linear map pm '■ M — > M <E> C, pM(m) — m (o) ® TO (i) ; called 
the right C-coaction on M, such that for all to G M, £(to.(i))to(o) = to and 

(0 2 ' "»(o))(o) 8> (f? 2 • m( ))(i) • 6* 1 <g> 9 3 ■ m {l) 

(10.4) = £ p • (5f • m) (0 ) ® • (5a • m )(i)i ' *a ® *p • • ' £ a , 

- the following compatibility relation holds: 

(10.5) it( ) • TO( ) ® • to (1 ) = (w [0] ■ m)( ) ® (u[ ] • ■ 

for all u G A, m G M. &yD(H) c will be the category of left-right Yetter-Drinfeld 
modules and maps preserving the actions by A and the coactions by C. 

Let H be a quasi-bialgebra, A an ii-bicomodule algebra and C an ii-bimodule 
coalgebra. Let us call the threetuple (H, A, C) a Yetter-Drinfeld datum. We note 
that, for an arbitrary ii-bimodule coalgebra C, the linear dual space of C, C* , 
is an ii-bimodule algebra. The multiplication of C* is the convolution, that is 
(c*d*)(c) = c*(cj_)d*(c2_), the unit is e and the left and right ii-module structures 
are given by (ft c* <<- h')(c) = c*(ft' • c ■ ft), for all ft, ft' £ H, c*,d* £ C* , c G C. 

In the rest of this section we establish that if ii is a quasi-Hopf algebra and C 
is finite dimensional then the category p,yD(H) c is isomorphic to the category of 
left C* txs A-modules, c-maAL First some lemmas. 

Lemma 10.2. Let H be a quasi-Hopf algebra and (H,A,C) a Yetter-Drinfeld da- 
tum. We have a functor F : &yD(H) c — > cmaA'I, given by F(M)=M as k-module, 
with the C* xi A-module structure defined by 

(10.6) (c* ex u)m := {c*,q p ■ (u ■ m) (1 ))g£ • (u ■ to) (0) , 

for all c* G C* , u G A and to G M, where q p = q p ® q p is the element defined in 
j2.34\ l- F transforms a morphism to itself. 
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Proof. Let Qp®Q 2 be another copy of q p . For all c* , d* 6 C*, u, u' G A and m 6 M 
we compute: 

[(c* X u)(d* ex u')]m 

[(fil - c * - n 8 )^^ -» d* ^ S- 1 («<i>)fi 4 ) X tt 3 u (0)[0 /]m 
(d*, S'- 1 (u (1) )f7 4 (g2) 2 . (n 3 n (0 ) [0] u' • m) (1)a • Sl 2 U( 0)hl| > 
(c*, Q 5 (^) x • (« 3 u <0 ) [0] m' • m) (1)l • n 1 )^ • (fi 3 u {0 > I0] u' • m) (0) 

™ <d*, 5- 1 (/ 1 X^ 3 U(1) )(g p 2 ) 2 • ((X p ) [0] i 3 tf 2 0]M(0)[0 / • m) (1) , • (l*) h% 

•^A^ 1 )^ • ((^p)[0]^A^fo] U (0) [0 ] U ' ' TO )(0) 

| 1U - 5 L 2 - 4U > (d*, S-HPu^Qffi ■ (^ 0] u (0)[0] u' • m) (1)a • z^Ufo)^,) 

(c*,9p(Qp)<i)Sp • (^0f o] u< O ) [o y • m )(i)i • ^A 6 * 1 ) 

9p(<9p)<0)£p ' (^A^fo] u <o) [01 u ' • TO )(0) 
(d*,S- 1 {6 3 u { i ) )Q 2 p 6 ■ (9[ 0] U(o) |0] «' •m)(i ) ■^ 1] « ( i ) ) hl] ) 

<c*,$(Qp)<i) • • (flf ]«(o> m «' ' ^)(0)](i) ^V) 



9p(Op)(o> ' [0 2 ■ (ef 0] u {0)[0] u' ■ m) (0 )](o) 



I10.RI14SI 



BESS) 

Gnu 



<d*, S-\aXyu (l) )X 2 p te 2 x) u (QA) ■ (vf ■ m) (1) ) 

(c*,f p ■ [(xl) [Q] te 2 0) u m ■ («'-m) ( o)](i) ■ (!p)[-i]£V} 

<7p • [(-X" P )[Q]0 ^<o> u <o,o> • («' • ™)(0)](0) 



<d*, S- 1 (a9 2 3 u (1)2 X>? U(1)l i; • (u' • m) (1) ) 

(c*,9p • [6» 2 m (0) X^ • (u •m) (0 )](i) •6» 1 }gi • [6> 2 m (0) ^ • (u' • m) (0) ] (0) 
(c*,g 2 • [uQ p • (it' • m) (0) ] (1) )(d*,Q 2 • (i/-m) (1) ) 
9p • ["Qp ' K • m)( )](o) 

(d*, Q 2 p ■ (u' ■ m)(i))(c* tx w)[<3p • (u' • m) (0) ] = (c* ix u)[(d* tx u')m], 



as needed. It is not hard to see that (e CO 1a)to = m for all m G M, so M is a left 
C* cx A-module. The fact that a morphism in &yD(H) c becomes a morphism in 
c-txiA-M can be proved more easily, we leave the details to the reader. □ 

Lemma 10.3. Let H be a quasi-Hopf algebra and (H,A,C) a Yetter-Drinfeld 
datum and assume C is finite dimensional. We have a functor G : c*xa-M — > 
&yD(H) c , given by G(M) = M as k-module, with structure maps defined by 

(10.7) u ■ m = (e ix u)m, 

n 

(10.8) P m ■ M -» M ® C, p M (m) = « (Pp)[o])m ® S _1 (:Pp) • c, • (p*)[_i], 
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form £ M and u G A. Herep p = p 1 p ®p 2 p is the element defined in {2.3$ , {ci}i = TH 
is a basis of C and {c l } i= y^ is the corresponding dual basis of C* . G transforms a 
morphism to itself. 



Proof. The most difficult part of the proof is to show that G{M) satisfies the 
relations (|10.4I) and 111). 511 . ft is then straightforward to show that a map in cxA-M. 
is also a map in &yD(H) c , and that G is a functor. 
It is not hard to see that l|2.45|l . (|2.6|) and (|2.46|) imply 



(io.9) e e l ®e e 2 {0) p p ® e 2 (1) f? p s(e d ) = (pi) M] ® (pj) [0] ®p 2 p 



Write p P = p 1 p ®p 2 p = P p ® P p . For all m £ M we compute: 



(<? 2 • m (0 ))(o) ® {0 2 ■ m (0) )(i) • 6* 1 ® 6> 3 • m (1) 

n 

Bfe Mfl2 )( ci M (Pp)[o]M(o) ® (fe^ 2 )(c* m (^) [0 ])m) (1) -0 1 



i=l 



®^- 1 (p?)-c i -(pJ) [ _i ] 

n 

EZp3i £ (c i M (pl) [0] )(c* m (0 2 o) ^) [o] )m ® S^P 2 ) • c,- • (P, 1 )^ 1 

n 

£ [c v M (^) [o] s 3 A (0 2 (p p i) [o](o> 2 o) pi) [o] ]m ® s-H/'xJi*) 
• Cj • (x^ih^V;)!-^ 1 ® 3 5- 1 (/ 1 1 2 3 (p p 1 ) [o](1> 2 1) p 2 ) • a 

n 
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™ J2 i^c 1 x ((^) < o>^) [ o]i 3 A]^®^5- 1 (/ 2 (^)<i ) ^)25 2 ) "9 
•((^JwPjJt-i]!^ ® ^S-\f\{x l p ) {1) p 1 p ) 1 g l ) ■ c, • ((^)(o)^)[-i] 2 Sa 

n 

<=i 

•((*p)<o)Pp)[-i])i ■ *A ®£p ■ (<S _1 ((ip)(i>Pp) • c 4 • «£p)(o>Pp)[-i])2 • 
X^Wn c * s_1 ((&£)<i>) ix ((^)<0)?£)[0pA]™ 

i=l 

®5p ■ (^ _1 (Pp) ■ c 4 • -x\®xl- {S-^pD ■ c % • (pj)[_i])2 • Sa 

E2D ^[(e«^)( c 'N(pJ) [0] )(^ii)] m 

®g • (^ _1 (Pp) ' c 4 • (pj)[-i])i • z A ® 5p • • c, • (pj)[_i])2 • £a 

e i . (5 s . m)(o) £ 2 . ( ~ 3 . m)(i)i .ji^, (i 3 . m)(i)a . -2 

Similarly, we compute: 
u(o) • TO( ) <8 • m(i) 

Efe MM (0))( C ' M (Pp)[0])w®U (1) S'- 1 (p2) . Cl (pJ) hl] 
i=l 
n 

E( u (0,0)[_i] c * ^ S ,_1 ('"(0 ) 1)) IXlw <0,0) [ o](Pp)[0])m 
i=l 

®U<l)S _1 t$) •<* . (pl) hl] 
n 

^](c l tX («<0,0>Pp)[0])"l ® '"(l)'5'~ 1 ( u <0,l)Pp) • Q • (u( ,0)Pp)[-l] 
i=l 
n 

^(C l tX (pj«)[ ])m g> . Cl . 

1=1 

n 



E2D 



EH3 



Em 



2=1 

(«[o] • ™)(o) ® O[o] ' • 
for all u E A and m G M, and this finishes the proof. □ 



The next result generalizes Proposition 3.12], which is recovered by taking 
C = A = H. 

Theorem 10.4. Let H be a quasi-Hopf algebra and (H,A,C) a Yetter-Drinfeld 
datum, assuming C to be finite dimensional. Then the categories &yD(H) c and 
Cxk-M are isomorphic. 

Proof. We have to verify that the functors F and G defined in Lemmas 111). 21 and 
HO are inverse to each other. Let M E A yD{H) c . The structures on G{F(M)) 
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(using first Lemma Tl . 21 and then Lemma Il0.3|) are denoted by •' and p' m- For any 

u G A and m G M we have that 

u ■ 'm = (s CX w)to = (e, q p ■ (u ■ m)^)qp ■ (u ■ m)(o) = u ■ m 

because • c) = e(/i)e(c) and £(to(i))to(o) = m for all ft, G i/, c G C, m G M. We 
now compute for m G M that 

p'm(to) 

I](c l m (pj)[ ])m ® S -1 ^) • c, • (p p ) hl] 

i=l 

n 

™ ST{c\ % ■ ((pj) [0] • m)(i)>$ • ((#)[„] • m) (0) <g) S" 1 ^) • c, • (p p ) M] 

• ™(o) ® S-^DfiipDw ■ m (1) 

m( ) ® m(i) = PM(m). 

Conversely, take M G c*cxA-M- We want to show that F(G(M)) = M. If we denote 
the left C* cxi A-action on F{G{M)) by then, using Lemmas flU.21 and 111). 31 we 
find, for all c* G C*, u G A and m G M: 

(c* CXI ti) I — > 771 

(c*,q 2 p ■ (u- m) • (u-m) (0 ) 

S^ c *'^ _1 (^) ,Ci ' (^)[-i])fe Cx] 9p)( ci M (Pj)[0])fe"x"«)"» 

i=l 
n 

X^,^- 1 ^)^) • c * • ((^)<o>pJ)[-i]> 



(c l ex ((#)( )f£)[o])(e 

(c* cx 1a) (e. cx u)to = (c* cx u)m, 



and this finishes our proof. □ 

There is a relation between the functor F from Lemma |10.2I and the map V as 
in Proposition E 



Proposition 10.5. Let H be a quasi-Hopf algebra, (H,A,C) a Yetter-Drinfeld 
datum and M an object in j^yD^) ; consider the map T : C* — > C* cx A as in 
Proposition \3.8l Then the left C* cx A-module structure on M given in Lemma 
\10.S\ and the map T are related by the formula: 

T(c*)m = (c*,to ( i))TO(o), 

for all c* G C* and m G M . 

Proof. We compute: 

r( c *)m = ({pD^^c^S-'ipD^ipD^m 

= ((pj)[-i] c* <- S^ipl), q 2 ■ ((pp) [0 ] • «i)(i))<7p • ((Pp)[o] • to) (0 ) 
= (c*, S~ l {p 2 p )q 2 p • ((Pp)[ Q ] • to) ( i) • (Pp)[_i])<?p • ((p P )[o] • to) (0 ) 
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CPU 



(c*,S 1 {p 2 p)q 2 p(p 1 p )(i) ■m il) }q 1 p (p 1 p ) {0) • m (0) 



r'»{i)/™(o). 

finishing the proof. □ 
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